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Tight Binding Hamiltonian

@ Nearest Neighbour interaction:
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Tight Binding Hamiltonian

@ Nearest Neighbour interaction:

e Tight-Binding Hamiltonian:

H(a) =1 e+ Hy+ Hye®

» 11 and H; coupling between unit cells.
» Hj coupling in unit cell limited to nearest neighbours.
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Tridiagonal k-Toeplitz operators.

Example: 2-Toeplitz operator:

c by O
1 a2 02 Ay A,
0 Co aq bl 0 0
0 0 ¢ ay by O Ar Ao A
T(f) := = A
0 ¢ :
0 O
e Symbol function (Bloch Hamiltonian):
f:C—C?*2
1 . ai by + oz
Z’—>A712 +A0+AIZ_((11+/)221 as )
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Spectrum of k-Toeplitz operators
@ Let us define the following sets:

et (f) == {/\ eC: det(f(z) — )\) =0, Iz € 'JI‘}7

Twind(f) = {X € C\ 0ae(f) : wind(det (f(T) — A),0) # 0}.
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Spectrum of k-Toeplitz operators

@ Let us define the following sets:

odet(f) == {/\ eC: det(f(z) - )\) =0, Iz € 'JI‘}7
Twind(f) = {\ € C\ 0aee(f) : wind(det(f(T) — X),0) # 0}.

Theorem (dB, Ammari, Liu, Thalhammer)
Let f € CF**(T) be the symbol of a tridiagonal k-Toeplitz operator T(f) it holds that
U(l(tl,(f) U Jwind(f) g U(T(f)) g O det (f) U O—Wind(f) U U(BO)v

Bg € RF=1Xk=1 s the principal submatrix of Ag.
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Exact similarity of Toeplitz matrices and open limit

o Let T, (f) € R™*™ be finite Toeplitz matrix.
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Exact similarity of Toeplitz matrices and open limit

o Let T, (f) € R™*™ be finite Toeplitz matrix.
@ The similarity transform:

o(Tu(f(2))) = o (Tu(f(r2))),
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Exact similarity of Toeplitz matrices and open limit

o Let T, (f) € R™*™ be finite Toeplitz matrix.
@ The similarity transform:

o(Tn(f(2)) = (Tn(f(rz))), r>0, z€T.

Theorem (Schmidt-Spitzer, 1960)
Let f be the symbol function, then the Hausdorff limit is given by

Jme(T)= 1 o(T0m))

r€(0,00)
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Exact similarity of Toeplitz matrices and open limit

o Let T, (f) € R™*™ be finite Toeplitz matrix.
@ The similarity transform:

o(Tn(f(2)) = (Tn(f(rz))), r>0, z€T.

Theorem (Schmidt-Spitzer, 1960)
Let f be the symbol function, then the Hausdorff limit is given by

Jme(T)= 1 o(T0m))

r€(0,00)

Particular for Tridiagonal k-Toeplitz case:
@ Exists a unique 7 > 0 such that:

lim o (Tu(f)) = o (T(f(72))).

n—oo

Wave localisation in periodic media. 22 July 2026

7/19



Exact similarity of Toeplitz matrices and open limit

o Let T, (f) € R™*™ be finite Toeplitz matrix.
@ The similarity transform:

o(Tn(f(2)) = (Tn(f(rz))), r>0, z€T.

Theorem (Schmidt-Spitzer, 1960)
Let f be the symbol function, then the Hausdorff limit is given by

Jme(T)= 1 o(T0m))

r€(0,00)

Particular for Tridiagonal k-Toeplitz case:
@ Exists a unique 7 > 0 such that:

lim o (Tu(f)) = o (T(f(72))).

n—oo

o log(7) is the exponential decay rate of the eigenvectors of T, (f).
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Scaling of the symbol function

r = 5.500
0.01 T ‘
— limy o0 (T3 (f))

0.005 |
47) 0F
-0.005

-0.01 : ; ‘

0.8 0.9 1 L L2

R
S

@ There exists a unique 7 =~ 5.658 which collapses the symbol function?.

LAmmari et al " Generalised Brillouin Zone for Non-Reciprocal Systems”
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Long range coupling (m-banded Toeplitz)

@ Interaction with m-nearest neighbours. o
. 0dTowOvv O
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Long range coupling (m-banded Toeplitz)

@ Interaction with m-nearest neighbours. . e
@ Leads to m-banded Toeplitz matrix. O m O

ag a_1 NN a_m
air Qo
m
a—m k
T,(f) = , flzx)= E arz” ", ar €R, zeT
Qo T T . . k=—m
a_y
Ay, e a1 ag
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Scaling of unit torus in m-banded Toeplitz case

s 0.06 —7(p(e”))

0.04

0.02

Im
o
Im

0

-0.02

-0.04

-0.06

-2 -1 0 1 2 0.9 0.95 1 1.05 1.1 1.15
Re Re
(S)ee(+)

o Contrary to tridiagonal k-Toeplitz, no unique 7 to uniformly collapse the symbol.
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Allow deformations of the torus

Construction:

@ Roots to shifted symbol function:

2m

2M(f(z) = A) = H(z—zi(/\)).

i=1

2Schmidt-Spitzer " The Toeplitz Matrices of an Arbitrary Laurent Polynomial”
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Allow deformations of the torus

Construction:

@ Roots to shifted symbol function:

@ Sort roots in ascending magnitude:

21N < - < LW < fzman (V)] < - < zam(A)]-

2Schmidt-Spitzer " The Toeplitz Matrices of an Arbitrary Laurent Polynomial’
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Allow deformations of the torus

Construction:

@ Roots to shifted symbol function:

@ Sort roots in ascending magnitude:
21N < - < LW < fzman (V)] < - < zam(A)]-
@ Define Generalised Brillouin Zone? (GBZ) as,

Z(f) == {2m,2m+1 €C & |zm(N)] = [zms1())|, for some ) € R},

2Schmidt-Spitzer " The Toeplitz Matrices of an Arbitrary Laurent Polynomial’
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Allow deformations of the torus

Construction:

@ Roots to shifted symbol function:

@ Sort roots in ascending magnitude:
21N < - < LW < fzman (V)] < - < zam(A)]-
@ Define Generalised Brillouin Zone? (GBZ) as,
Z(f) == {2m,2m+1 €C & |zm(N)] = [zms1())|, for some ) € R},
@ Assume we can write

Z(f)=p(T):= |J p(?) =GBZ

0€[0,7]

2Schmidt-Spitzer " The Toeplitz Matrices of an Arbitrary Laurent Polynomial’
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Deform Unit Circle to GBZ

) - 0.06 —f(p(e”))

0.04

0.02

0

Im
o
Im
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Open vs periodic boundary conditions

Theorem (dB, Hiltunen)
Suppose that the GBZ, i.e. Z(f) is spanned by a polar curve p(T), then it holds that

lim o(T,(f) = |J f(e@TP) R

n—roo
a€[—m,7]
Examples:
15 T T 15 —
w— Z( fn) ‘ ‘—Z(fm) % Confluent roots fm’l(R)‘
10+ % Confluent roots |4 10
fn' (R) {
5t 5
5t -5 %
-10F 10
-15L— - : - - : - -15 ‘ - . - - - : —
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
Re Re
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Conservation of Density of States

@ No longer have exact conserved spectrum at the matrix level, i.e.

o (Tn(f)) # o(Ta(fop))
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Conservation of Density of States

@ No longer have exact conserved spectrum at the matrix level, i.e.

o (Tn(f)) # o(Ta(fop))

Theorem (dB, Hiltunen)
Suppose that the GBZ is C*([0,27]), then

DoS(T,(f)) = DoS(Ty(f op)).

Wave localisation in periodic media. 22 July 2026

15/19



Conservation of Density of States

@ No longer have exact conserved spectrum at the matrix level, i.e.

o (Tn(f)) # o(Ta(fop))

Theorem (dB, Hiltunen)
Suppose that the GBZ is C*([0,27]), then

DoS(T,(f)) = DoS(Ty(f op)).

Empirical measure vs DoS:
20

—un(fOPj
— () i

Do
(=}
T

—
ot
T

—_
(=}
T

Density of States

(2]
T

(=]
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Applications (Computational)

@ Numerically Hausforff distance
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Applications (Computational)

@ Numerically Hausforff distance

it (7 (Tal)),0(Tu(f 0p)) ) = O(0~2),

@ Spectra of large but finite Toeplitz Matrices:

0.01 ‘ ‘
x ”(Tn(f)) 0.06 x
0.005 © o(Tu(fop)) 0.04
0.0
k| 0 EEEREBICIRERE R BB O DB X A
0
-0.005 -0.02
-0.04
0.01 ‘ ! ‘
09 09 1 105 11 115 0.9 1 11 1.2
Re Re
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Applications (Computational)

@ Numerically Hausforff distance

it (7 (Tal)),0(Tu(f 0p)) ) = O(0~2),

@ Spectra of large but finite Toeplitz Matrices:

0.01 ‘ : : ‘ :
x o(Ta(f)) 0.06f | x o(Tu(f)), o o(Tu(fop)), —f(re?)|]
0.005 © o(Tu(fop)) 0.04
0.0
k| 0 EEEREBICIRERE R BB O DB X A
0
-0.005 -0.02
-0.04
-0.01 ‘ ! ‘
09 09 1 105 11 115 0.9 1 11 1.2
Re Re

@ Precondition (even normalise) a class of m-banded non-Hermitian Toeplitz matrices.
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Applications (Condensed matter Physics)

@ Predict conservation of energy (polar curve GBZ).
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Applications (Condensed matter Physics)

@ Predict conservation of energy (polar curve GBZ).
Predict (frequency specific) eigenmode localisation.
10° -

nnick de Bruijn  (Universi

of Oslo)

e

Wave localisation in periodic media.
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Thank you for your attention.

i (fon) 006 [+ o (Tu(7)),_© o(Tulf 0p), —JCe")]
—u(f) 0.04

Toots 20

0.02

Im

Im

Density of States

-6 -4 -2 0 2 4 6 0.95 1.15 0.9 1 L1 1.2

Re Eigenvalue Re

(a) Reality of open limit. (b) Density of states. (c) Numerical
Preconditioner.
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