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Tight Binding Hamiltonian

Nearest Neighbour interaction:

Unit Cell

· · · · · ·

intra-cell coupling t coupling to right cell tR coupling to left cell tL

Tight-Binding Hamiltonian:

H(α) = H−1e
−iα +H0 +H1e

iα

▶ H−1 and H1 coupling between unit cells.
▶ H0 coupling in unit cell limited to nearest neighbours.

Yannick de Bruijn (University of Oslo) Wave localisation in periodic media. 22 July 2026 4 / 19



Tight Binding Hamiltonian

Nearest Neighbour interaction:

Unit Cell

· · · · · ·

intra-cell coupling t coupling to right cell tR coupling to left cell tL

Tight-Binding Hamiltonian:

H(α) = H−1e
−iα +H0 +H1e

iα

▶ H−1 and H1 coupling between unit cells.
▶ H0 coupling in unit cell limited to nearest neighbours.

Yannick de Bruijn (University of Oslo) Wave localisation in periodic media. 22 July 2026 4 / 19



Tight Binding Hamiltonian

Nearest Neighbour interaction:

Unit Cell

· · · · · ·

intra-cell coupling t coupling to right cell tR coupling to left cell tL

Tight-Binding Hamiltonian:

H(α) = H−1e
−iα +H0 +H1e

iα

▶ H−1 and H1 coupling between unit cells.
▶ H0 coupling in unit cell limited to nearest neighbours.

Yannick de Bruijn (University of Oslo) Wave localisation in periodic media. 22 July 2026 4 / 19



Tridiagonal k-Toeplitz operators.

Example: 2-Toeplitz operator:

T(f) :=



a1 b1 0 0
c1 a2 b2 0
0 c2 a1 b1 0 0
0 0 c1 a2 b2 0

0 ck
. . .

. . .

0 0
. . .


=


A0 A−1

A1 A0 A−1

A1
. . .

. . .
. . .



Symbol function (Bloch Hamiltonian):

f : C → C2×2

z 7→ A−1z
−1 +A0 +A1z =

(
a1 b1 + c2z

c1 + b2z
−1 a2

)
.
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Spectrum of k-Toeplitz operators

Let us define the following sets:

σdet(f) :=
{
λ ∈ C : det

(
f(z)− λ

)
= 0, ∃z ∈ T

}
,

σwind(f) :=
{
λ ∈ C \ σdet(f) : wind

(
det

(
f(T)− λ), 0

)
̸= 0

}
.
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Theorem (dB, Ammari, Liu, Thalhammer)

Let f ∈ Ck×k(T) be the symbol of a tridiagonal k-Toeplitz operator T (f) it holds that

σdet(f) ∪ σwind(f) ⊆ σ
(
T (f)

)
⊆ σdet(f) ∪ σwind(f) ∪ σ(B0),

B0 ∈ Rk−1×k−1 is the principal submatrix of A0.
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Exact similarity of Toeplitz matrices and open limit

Let Tn(f) ∈ Rn×n be finite Toeplitz matrix.

The similarity transform:

σ
(
Tn(f(z))

)
= σ

(
Tn(f(rz))

)
, r > 0, z ∈ T.

Theorem (Schmidt-Spitzer, 1960)

Let f be the symbol function, then the Hausdorff limit is given by

lim
n→∞

σ
(
Tn(f)

)
=

⋂
r∈(0,∞)

σ
(
T
(
f(rT)

))
.

Particular for Tridiagonal k-Toeplitz case:
Exists a unique r̃ > 0 such that:

lim
n→∞

σ
(
Tn(f)

)
= σ

(
T
(
f(r̃z)

))
.

log(r̃) is the exponential decay rate of the eigenvectors of Tn(f).
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Scaling of the symbol function

There exists a unique r̃ ≈ 5.658 which collapses the symbol function1.

1Ammari et al ”Generalised Brillouin Zone for Non-Reciprocal Systems”
Yannick de Bruijn (University of Oslo) Wave localisation in periodic media. 22 July 2026 8 / 19
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Long range coupling (m-banded Toeplitz)

Interaction with m-nearest neighbours.

Leads to m-banded Toeplitz matrix.

site n

a1
a2

a3

a−1

a−2

a−3

· · · up to am· · ·up to a−m

· · · · · ·

Tn(f) =



a0 a−1 · · · a−m

a1 a0
. . .

. . .
...

. . .
. . .

. . . a−m

am
. . .

. . .
. . .

...
. . .

. . .
. . . a−1

am · · · a1 a0


, f(z) =

m∑
k=−m

akz
−k, ak ∈ R, z ∈ T.
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Scaling of unit torus in m-banded Toeplitz case

Contrary to tridiagonal k-Toeplitz, no unique r̃ to uniformly collapse the symbol.
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Allow deformations of the torus

Construction:

Roots to shifted symbol function:

zm
(
f(z)− λ

)
=

2m∏
i=1

(
z − zi(λ)

)
.

Sort roots in ascending magnitude:

|z1(λ)| ≤ · · · ≤ |zm(λ)| ≤ |zm+1(λ)| ≤ · · · ≤ |z2m(λ)|.

Define Generalised Brillouin Zone2 (GBZ) as,

Z(f) :=
{
zm, zm+1 ∈ C : |zm(λ)| = |zm+1(λ)|, for some λ ∈ R

}
.

Assume we can write
Z(f) = p(T) :=

⋃
θ∈[0,π]

p(eiθ) = GBZ.

2Schmidt-Spitzer ”The Toeplitz Matrices of an Arbitrary Laurent Polynomial”
Yannick de Bruijn (University of Oslo) Wave localisation in periodic media. 22 July 2026 12 / 19
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Deform Unit Circle to GBZ

Yannick de Bruijn (University of Oslo) Wave localisation in periodic media. 22 July 2026 13 / 19



Open vs periodic boundary conditions

Theorem (dB, Hiltunen)

Suppose that the GBZ, i.e. Z(f) is spanned by a polar curve p(T), then it holds that

lim
n→∞

σ
(
Tn(f)

)
=

⋃
α∈[−π,π]

f
(
ei(α+iβ(α))

)
⊂ R.

Examples:

Figure: Real open Limit Figure: Complex open limitYannick de Bruijn (University of Oslo) Wave localisation in periodic media. 22 July 2026 14 / 19



Conservation of Density of States

No longer have exact conserved spectrum at the matrix level, i.e.

σ
(
Tn(f)

)
̸= σ

(
Tn(f ◦ p)

)

Theorem (dB, Hiltunen)

Suppose that the GBZ is C1([0, 2π]), then

DoS
(
Tn(f)

)
= DoS

(
Tn(f ◦ p)

)
.

Empirical measure vs DoS:

Y. de Bruijn and E. O. Hiltunen

Let us define the empirical measure for Tn(f) as,

ωn(Ei) := 1
n

n∑

j=1
εEi

(
ϑj

(
Tn

(
f(T)

)))
= 1

n

n∑

j=1
εEi

(
ϑj

(
Tn

(
f(rT)

)))
, (2.45)

where in the second equality, we used the fact that the matrices Tn

(
f(T)

)
and Tn

(
f(rT)

)
are similar for

every r > 0. In particular, by [1, Corollary 5.12.] and (2.44) it follows that

ωn(Ei) = 1
n

n∑

j=1
εEi

(
ϑj

(
Tn

(
f(riT)

)))
ϖ µ(Ei) +O(ϱ2), (2.46)

which completes the proof of the theorem. ↭

In Figure 2.3 we numerically illustrate the convergence of the empirical measure for a non-Hermitian
banded Toeplitz matrix, for which there exists a polar curve along which the symbol function is real-valued.

(a) Polar curve p(T) and the unit torus
T.

(b) Density of states of Tn(f) and the empirical measure of Tn(f → p).

Figure 2.3. Figure (A) illustrates the polar curve, which is not just a scaling of the torus but rather a
homotopic deformation of the torus. Figure (B) illustrates that even for relatively small matrix sizes,
i.e. n = 100, the empirical measure of Tn(f → p) approaches the density of states Tn(f). Computation
performed for ω = 3.5, ε = 4.8 and m = 7.

In the proof of Theorem 2.13 a formula for the DoS of Hermitian Toeplitz matrices was presented in
(2.37). Note that this formula is considerably simpler than the general formula for non-Hermitian Toeplitz
matrices presented in (2.32). In other words, to find the density of states for a non-Hermitian matrix
Tn(f), it is su!cient to compute the density of states for the Hermitian matrix Tn(f → p). We have the
following result.

Corollary 2.14. Suppose that the contour traced out by (2.21) is C1([0, 2ς]), then for a Borel subset
E ↑ R the DoS

(
Tn(f)

)
is given by the measure,

µ(E) = 1
2ς

∫ 2ω

0
εE

(
f → p(eiε)

)
dφ. (2.47)

Proof. As the assumptions for Theorem 2.13 are met, computing the DoS of Tn(f) is equivalent to
computing the DoS of the Hermitian matrix Tn(f → p). Following the formula of the density of states of a
Hermitian Toeplitz matrix [17, Section 7.5], it follows that the density of states is given by (2.47). ↭

In conclusion, the class of non-Hermitian Toeplitz matrices, as intended by Theorem 2.13, many results
such as eigenvalues estimates and convergence rates follow from existing results for Hermitian matrices. We
refer the reader to [1, 8, 9] for a detailed study of the subject.

8
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In Figure 2.3 we numerically illustrate the convergence of the empirical measure for a non-Hermitian
banded Toeplitz matrix, for which there exists a polar curve along which the symbol function is real-valued.

(a) Polar curve p(T) and the unit torus
T.

(b) Density of states of Tn(f) and the empirical measure of Tn(f → p).

Figure 2.3. Figure (A) illustrates the polar curve, which is not just a scaling of the torus but rather a
homotopic deformation of the torus. Figure (B) illustrates that even for relatively small matrix sizes,
i.e. n = 100, the empirical measure of Tn(f → p) approaches the density of states Tn(f). Computation
performed for ω = 3.5, ε = 4.8 and m = 7.

In the proof of Theorem 2.13 a formula for the DoS of Hermitian Toeplitz matrices was presented in
(2.37). Note that this formula is considerably simpler than the general formula for non-Hermitian Toeplitz
matrices presented in (2.32). In other words, to find the density of states for a non-Hermitian matrix
Tn(f), it is su!cient to compute the density of states for the Hermitian matrix Tn(f → p). We have the
following result.

Corollary 2.14. Suppose that the contour traced out by (2.21) is C1([0, 2ς]), then for a Borel subset
E ↑ R the DoS

(
Tn(f)

)
is given by the measure,

µ(E) = 1
2ς

∫ 2ω

0
εE

(
f → p(eiε)

)
dφ. (2.47)

Proof. As the assumptions for Theorem 2.13 are met, computing the DoS of Tn(f) is equivalent to
computing the DoS of the Hermitian matrix Tn(f → p). Following the formula of the density of states of a
Hermitian Toeplitz matrix [17, Section 7.5], it follows that the density of states is given by (2.47). ↭

In conclusion, the class of non-Hermitian Toeplitz matrices, as intended by Theorem 2.13, many results
such as eigenvalues estimates and convergence rates follow from existing results for Hermitian matrices. We
refer the reader to [1, 8, 9] for a detailed study of the subject.
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Applications (Computational)

Numerically Hausforff distance

dH

(
σ
(
Tn(f)

)
, σ

(
Tn(f ◦ p)

))
= O(n−2).

Spectra of large but finite Toeplitz Matrices:

Y. de Bruijn and E. O. Hiltunen

(a) The numerically computed eigenvalues of Tn(f → p) and
Tn(f) for n = 40 agree closely. A more detailed convergence
study will is presented in Figure 2.5.

(b) Numerically computed spectra of Tn(f → p) and Tn(f) for
n = 2000. Many of the eigenvalues of Tn(f → p) fall outside of
convR

(
f(rT)

)
and by Proposition 2.18 constitute numerical

error.

Figure 2.4. The Hermitian matrix Tn(f → p) is less prone to numerical pollution compared to the
non-Hermitian matrix Tn(f). This motivates the idea of considering the evaluation of the symbol
function on a deformed torus as a numerical preconditioner. Computation performed for ω = 3.5, ε = 4.8
and m = 7.

For non-Hermitian banded Toeplitz matrices, one may formally consider the asymptotic similarity
transform Tn(f) → M→1Tn(f ↑ p)M, where

(M)i,j = 1
2ω

∫ 2ω

0
p(eiε)jeiεi dε. (2.52)

We would like to emphasise that the asymptotic similarity transform presented in (2.52) is the natural
generalisation for the exact similarity transform, given by a scaling of the torus. For a function p(z) = rz
for r > 0, the transform in (2.52) reduces to the known similarity transform M = diag(1, r, r2, . . . , rn).
We emphasise that the similarity transform introduced in (2.52) is exponentially ill-conditioned, which is
why we never use it in numerical computations. This is due to the fact that the entries grow or decay
exponentially in the index j. In practical terms, we instead compute the symmetrised matrix Tn(f ↑ p) by
numerically evaluating the Fourier coe!cients (⊋f ↑ p)k. More details on the computation of the Fourier
coe!cients can be found in the Appendix B.

The transform Tn(f) ↓ Tn(f ↑ p) is expected to not be an exact similarity transform for finite n. This
is due to the fact that the Fourier coe!cients (⊋f ↑ p)k are, in general, no longer banded; see, for example,
Figure B.1 (B). Consequently, the coe!cients

(⊋f ↑ p
)
k

for |k| > n will not influence the matrix Tn(f ↑ p).
However, we will provide numerical evidence that the spectrum is conserved pointwise under the transform
Tn(f) ↓ Tn(f ↑ p) in Figure 2.5. For more details on the derivation of the similarity transform, we refer
the reader to the Appendix C.

We will consider the error of the spectrum when introducing the transform defined by p. Let us denote
by ϑk and ϖk the sorted eigenvalues of Tn(f) and Tn(f ↑ p), respectively, then we define the ϱ1 distance
between the spectra as:

dϑ

(
Tn(f),Tn(f ↑ p)

)
:=

n∑

k=1
|ϑk ↔ ϖk|. (2.53)

Note that the ϱ1 distance is very sensitive to finitely many outliers, which are enough to ruin the convergence
of the ϱ1 distance. Under the assumptions of Theorem 2.10 the eigenvalues of Tn(f) and Tn(f ↑ p) will
cluster along the same limiting set which consists of a finite interval on the real axis. As a consequence, it
is expected that |ϑk ↔ ϖk| = O(n→1). This is the reason why the ϱ1 distance defined in (2.53) does not have
a normalisation of 1/n. An illustration of this is given in Remark 2.19.

Remark 2.19. We would like to highlight that the observed convergence rate of the spectrum of Tn(f)
and Tn(f ↑ p) as n grows is not simply a consequence of the fact that the limiting spectra agree. For
comparison, we consider the symbol functions f(ε) = cos(ε) and g(ε) = cos(2ε), which both correspond
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Applications (Condensed matter Physics)

Predict conservation of energy (polar curve GBZ).

Predict (frequency specific) eigenmode localisation.

Y. de Bruijn and E. O. Hiltunen

limit of a non-Hermitian resonator chain is given by the intersection of the spectra of the Hamiltonian
under all constant imaginary gauge transformations [28], that is

ωOBC(H) =
⋂

r→(0,↑)

ωSIBC(Hr). (3.2)

The downside of this characterisation is that it is in general hard to conceptualise infinite intersections. We
may evade taking infinite intersections in (3.2) provided that the assumptions of Theorem 2.10 are met.
In this case, the open limit is captured by evaluating the Bloch Hamiltonian along the curve specified by
p : T → C, such that

ωOBC(H) =
⋃

ω→[↓ε,ε]

ω
(
H

(
p(eiω)

))
. (3.3)

The key assumption of Theorem 2.10 is that the generalised Brillouin zone is spanned by a polar curve
p(T). This assumption naturally appears in (3.3): the imaginary gauge transform eiω → p(eiω) is uniquely
specified by the Bloch parameter ε.

Depending on the relative position of the generalised Brillouin zone with respect to the unit torus,
we may observe left or right eigenmode condensation. When the generalised Brillouin zone crosses the
unit circle, bulk eigenmodes become partially left-localised and partially right-localised [22, 25]. This is
numerically illustrated in Figure 3.1

(a) Generalised Brillouin zone (solid line)
and the unit torus (dashed).

(b) Eigenvectors associated to the specific quasimomenta.

Figure 3.1. Generalised Brillouin zone for a long-range non-Hermitian Hamiltonian H(z) = 0.6z→2 +
2.5z→1 + 3.2 + 1.6z. As the Brillouin zone is traced out by a polar curve, by Theorem 2.10, the open
spectrum will be real. The decay rate of the eigenmodes associated to certain quasimomenta is correctly
predicted by the generalised Brillouin zone.

4. Concluding remarks

In this work, we analysed the asymptotic spectra of banded non-Hermitian Toeplitz matrices and
established a rigorous mathematical foundation for the generalised Brillouin zone in non-Hermitian systems.
In future work, we plan to illustrate these results in a concrete PDE setting, showing that for periodic
systems of non-Hermitian partial di!erential equations, the complex quasimomentum must also depend on
the Floquet parameter. It would also be interesting to explore applications to specific models, such as the
long-range Hatano–Nelson model or the subwavelength non-Hermitian skin e!ect.

5. Data availability

The Matlab code for the numerical experiments developed in this work is openly available in the following
repository: https://github.com/yannick2305/OpenLimitToeplitz.
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Thank you for your attention.

(a) Reality of open limit.

Y. de Bruijn and E. O. Hiltunen

Let us define the empirical measure for Tn(f) as,

ωn(Ei) := 1
n

n∑

j=1
εEi

(
ϑj

(
Tn

(
f(T)

)))
= 1

n

n∑

j=1
εEi

(
ϑj

(
Tn

(
f(rT)

)))
, (2.45)

where in the second equality, we used the fact that the matrices Tn

(
f(T)

)
and Tn

(
f(rT)

)
are similar for

every r > 0. In particular, by [1, Corollary 5.12.] and (2.44) it follows that

ωn(Ei) = 1
n

n∑

j=1
εEi

(
ϑj

(
Tn

(
f(riT)

)))
ϖ µ(Ei) +O(ϱ2), (2.46)

which completes the proof of the theorem. ↭

In Figure 2.3 we numerically illustrate the convergence of the empirical measure for a non-Hermitian
banded Toeplitz matrix, for which there exists a polar curve along which the symbol function is real-valued.

(a) Polar curve p(T) and the unit torus
T.

(b) Density of states of Tn(f) and the empirical measure of Tn(f → p).

Figure 2.3. Figure (A) illustrates the polar curve, which is not just a scaling of the torus but rather a
homotopic deformation of the torus. Figure (B) illustrates that even for relatively small matrix sizes,
i.e. n = 100, the empirical measure of Tn(f → p) approaches the density of states Tn(f). Computation
performed for ω = 3.5, ε = 4.8 and m = 7.

In the proof of Theorem 2.13 a formula for the DoS of Hermitian Toeplitz matrices was presented in
(2.37). Note that this formula is considerably simpler than the general formula for non-Hermitian Toeplitz
matrices presented in (2.32). In other words, to find the density of states for a non-Hermitian matrix
Tn(f), it is su!cient to compute the density of states for the Hermitian matrix Tn(f → p). We have the
following result.

Corollary 2.14. Suppose that the contour traced out by (2.21) is C1([0, 2ς]), then for a Borel subset
E ↑ R the DoS

(
Tn(f)

)
is given by the measure,

µ(E) = 1
2ς

∫ 2ω

0
εE

(
f → p(eiε)

)
dφ. (2.47)

Proof. As the assumptions for Theorem 2.13 are met, computing the DoS of Tn(f) is equivalent to
computing the DoS of the Hermitian matrix Tn(f → p). Following the formula of the density of states of a
Hermitian Toeplitz matrix [17, Section 7.5], it follows that the density of states is given by (2.47). ↭

In conclusion, the class of non-Hermitian Toeplitz matrices, as intended by Theorem 2.13, many results
such as eigenvalues estimates and convergence rates follow from existing results for Hermitian matrices. We
refer the reader to [1, 8, 9] for a detailed study of the subject.
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(b) Density of states.

Y. de Bruijn and E. O. Hiltunen

(a) The numerically computed eigenvalues of Tn(f → p) and
Tn(f) for n = 40 agree closely. A more detailed convergence
study will is presented in Figure 2.5.

(b) Numerically computed spectra of Tn(f → p) and Tn(f) for
n = 2000. Many of the eigenvalues of Tn(f → p) fall outside of
convR

(
f(rT)

)
and by Proposition 2.18 constitute numerical

error.

Figure 2.4. The Hermitian matrix Tn(f → p) is less prone to numerical pollution compared to the
non-Hermitian matrix Tn(f). This motivates the idea of considering the evaluation of the symbol
function on a deformed torus as a numerical preconditioner. Computation performed for ω = 3.5, ε = 4.8
and m = 7.

For non-Hermitian banded Toeplitz matrices, one may formally consider the asymptotic similarity
transform Tn(f) → M→1Tn(f ↑ p)M, where

(M)i,j = 1
2ω

∫ 2ω

0
p(eiε)jeiεi dε. (2.52)

We would like to emphasise that the asymptotic similarity transform presented in (2.52) is the natural
generalisation for the exact similarity transform, given by a scaling of the torus. For a function p(z) = rz
for r > 0, the transform in (2.52) reduces to the known similarity transform M = diag(1, r, r2, . . . , rn).
We emphasise that the similarity transform introduced in (2.52) is exponentially ill-conditioned, which is
why we never use it in numerical computations. This is due to the fact that the entries grow or decay
exponentially in the index j. In practical terms, we instead compute the symmetrised matrix Tn(f ↑ p) by
numerically evaluating the Fourier coe!cients (⊋f ↑ p)k. More details on the computation of the Fourier
coe!cients can be found in the Appendix B.

The transform Tn(f) ↓ Tn(f ↑ p) is expected to not be an exact similarity transform for finite n. This
is due to the fact that the Fourier coe!cients (⊋f ↑ p)k are, in general, no longer banded; see, for example,
Figure B.1 (B). Consequently, the coe!cients

(⊋f ↑ p
)
k

for |k| > n will not influence the matrix Tn(f ↑ p).
However, we will provide numerical evidence that the spectrum is conserved pointwise under the transform
Tn(f) ↓ Tn(f ↑ p) in Figure 2.5. For more details on the derivation of the similarity transform, we refer
the reader to the Appendix C.

We will consider the error of the spectrum when introducing the transform defined by p. Let us denote
by ϑk and ϖk the sorted eigenvalues of Tn(f) and Tn(f ↑ p), respectively, then we define the ϱ1 distance
between the spectra as:

dϑ

(
Tn(f),Tn(f ↑ p)

)
:=

n∑

k=1
|ϑk ↔ ϖk|. (2.53)

Note that the ϱ1 distance is very sensitive to finitely many outliers, which are enough to ruin the convergence
of the ϱ1 distance. Under the assumptions of Theorem 2.10 the eigenvalues of Tn(f) and Tn(f ↑ p) will
cluster along the same limiting set which consists of a finite interval on the real axis. As a consequence, it
is expected that |ϑk ↔ ϖk| = O(n→1). This is the reason why the ϱ1 distance defined in (2.53) does not have
a normalisation of 1/n. An illustration of this is given in Remark 2.19.

Remark 2.19. We would like to highlight that the observed convergence rate of the spectrum of Tn(f)
and Tn(f ↑ p) as n grows is not simply a consequence of the fact that the limiting spectra agree. For
comparison, we consider the symbol functions f(ε) = cos(ε) and g(ε) = cos(2ε), which both correspond
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(c) Numerical
Preconditioner.
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