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Floquet transform

Let f ∈ L2
loc(Rn), the Floquet transform is given by f(x) 7→ UΛ

[
f(x, α)

]
:=
∑

ℓ∈Λ f(x− ℓ)eiα·ℓ.

Consider elliptic and periodic differential operator L(x, ∂x) with Λ periodic coefficients.

Due to periodicity,
U [Lf ](x, α) = LU [f ](x, α).

Fiber Decomposition:

L =

∫ ⊕

Rn/(2πZn)

L(α)

Spectrum:

σ(L) =
⋃

α∈Rn/(2πZn)

σ
(
L(α)

)
Bandgap: ρ(L) = R \ σ(L)
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One Dimensional non-Hermitian Helmholtz scattering

Model setting:

eγ

e−γ

eγ

e−γ

eγ

e−γ

eγ

e−γ

. . .. . . . . .

ℓ

Wave equation: 

u′′(x) + γu′(x) + ω2u(x) = 0, x ∈ D

u′′(x) + ω2u(x) = 0, x ∈ R\D,
u|+ − u|− = 0, on ∂D,
∂u

∂ν

∣∣∣∣
−
− δ

∂u

∂ν

∣∣∣∣
+

= 0, on ∂D,

u(x+ ℓ) = ei(α+iβ)ℓu(x), for all ℓ ∈ Λ.

▶ Imaginary gauge potential γ ∈ R \ {0}.
▶ Contrast parameter 0 < δ ≪ 1.
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Subwavelength resonant frequencies

Definition

Given δ > 0, a subwavelength resonant frequency ω = ω(δ) is defined to be such that

(i) there exists a nontrivial solution to the Helmholtz problem.

(ii) ω depends continuously on δ and satisfies ω(δ)
δ→0−−−→ 0.

Why subwavelength:

v, vi = O(1).

δ = |ρr/ρb| ≪ 1.

λ = v
ω(δ) .

As ω(δ) → 0, λ→ ∞, while the resonator size is fixed.
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Experimental setup

crystals
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Abstract: Photonic or phononic crystals and metamaterials, due to their very different typical
spatial scales—wavelength and deep subwavelength—and underlying physical mechanisms—Bragg
interferences or local resonances—, are often considered to be very different composite media. As
such, while the former are commonly used to manipulate and control waves at the scale of the unit
cell, i.e., wavelength, the latter are usually considered for their effective properties. Yet we have
shown in the last few years that under some approximations, metamaterials can be used as photonic
or phononic crystals, with the great advantage that they are much more compact. In this review,
we will concentrate on metamaterials made out of soda cans, that is, Helmholtz resonators of deep
subwavelength dimensions. We will first show that their properties can be understood, likewise
phononic crystals, as resulting from interferences only, through multiple scattering effects and Fano
interferences. Then, we will demonstrate that below the resonance frequency of its unit cell, a soda
can metamaterial supports a band of subwavelength varying modes, which can be excited coherently
using time reversal, in order to beat the diffraction limit from the far field. Above this frequency, the
metamaterial supports a band gap, which we will use to demonstrate cavities and waveguides, very
similar to those obtained in phononic crystals, albeit of deep subwavelength dimensions. We will
finally show that multiple scattering can be taken advantage of in these metamaterials, by correctly
structuring them. This allows to turn a metamaterial with a single negative effective property into a
negative index metamaterial, which refracts waves negatively, hence acting as a superlens.

Keywords: acoustics; metamaterial; phononic crystals; multiple scattering

1. Introduction

It is well known in solid states physics that the periodicity of atoms composing crystals is
responsible for the existence of both conducting bands and band gaps for electrons. This property is
a direct consequence of the Bloch theorem [1,2] applied to the wavefunction of electrons. Similarly,
optical waves propagating in periodically stratified media are subject to the same theorem giving rise
to the existence of ranges of frequencies for which no propagation is allowed, so-called optical band
gaps. At an interface with free space, such a medium acts as a mirror for incoming waves, termed a
Bragg mirror [3]. Physically, this can be quite easily understood since at each interface between two
layers of different indices of refraction, part of the waves is transmitted and part of them is reflected.
The total wave field travelling forward is thus the summation of many multiply scattered waves,
that all interfere. Those interferences can be destructive when the optical path difference between
two multiply scattered waves correspond to a multiple of half a cycle. In these periodic media, this
Bragg condition typically occurs when the period of the medium scales with the optical wavelength.
As a consequence, Bragg mirrors are typically structured with a period corresponding to half the
operating wavelength.

Crystals 2016, 6, 82; doi:10.3390/cryst6070082 www.mdpi.com/journal/crystals
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Figure 5. (a) Single channel experimental setup: the sound-card of a computer is connected to a single
speaker placed in front of the metamaterial and to a microphone that is mounted on a 2D moving stage
and positioned above the sample in its near field; (b) Transmission measured between the speaker and
the microphone when the latter is placed in the middle of the acoustic metamaterial. The transmission
is normalized to unity. Below 420 Hz, resonant deep subwavelength modes can be observed, while
above a deep asymmetric band gap can be identified; (c) Map of the absolute value of the pressure field
at 450 Hz in logarithmic scale. No field can penetrate inside the metamaterial and after only one layer
an attenuation of 20 dB is observed.

This band gap was actually introduced initially when we mentioned the polariton dispersion
relation. In terms of effective parameters, the existence of the band gap is associated to the negativeness
of the effective compressibility which results in an imaginary propagating velocity, or equivalently
evanescent waves. We have to mention here that in the acoustic community this type of band gap
has been observed before the emergence of metamaterials and in the early 1990s researchers referred
to them as “hybridization band gap” [58–64]. Hybridization is a very generic term originating from
solid state physics that refers to the coupling between two states resulting on the existence of two
hybrid states [65]. In the context of wave propagation it mostly refers to the avoided crossing between
two modes that share a common geometry. Yet the term “hybridization band gap” clearly refers to the
avoided crossing between the free space dispersion relation and the localized resonator, as depicted
in the polariton picture at the beginning of this article. We have therefore reinterpreted this band
gap in terms of Fano interferences [33,66] since it is clearly the interaction between a continuum of
modes (the free space waves) and a resonator [34]. Note that there are several works in the acoustic
community that have tried to mix in the same frequency range the “hybridization band gap” and the
Bragg gap that is due to the periodicity of the medium and mostly occurs when the lattice constant is
half a wavelength [62,67–69].

4.2. Creating a Defect within the Hybridization Band Gap

This kind of band gap that occurs in the low frequency regime, i.e., when the wavelength is large
compared to the typical distance between resonators, presents an important difference compared to

Yannick De Bruijn (University of Oslo) Wave localisation in periodic media. 31 October 2025 10 / 43



Asymptotic Resonance Expansion

Gauge Capacitance matrix

Ĉα,β
ij = − li∫

Di
eγxdx

(
−eγx

L
j
dV α,β

i

dx

∣∣∣∣∣
L

(xLj ) + eγx
R
j
dV α,β

i

dx

∣∣∣∣∣
R

(xRj )

)
,

where V α,β
i : R → R is known solutions to some ODE.

Theorem (dB, Hiltunen)

The k subwavelength (complex) band functions α+ iβ 7→ ωα,β satisfy as δ → 0,

ωα,β
i =

√
δλα,βi +O(δ),

where (λα,βi )1≤i≤k are the eigenvalues of the eigenvalue problem Ĉα,β
ij v = λα,βi v.
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Complex Band structure for Monomer (k=1) chain
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Projected visualisation

 and  respectively

Recall from Floquet Theory:

In the Spectrum:
▶ β is fixed to β̃
▶ α ∈ Y ∗

▶

σ(C) =
⋃

α∈Y ∗

σ
(
Ĉα,β̃

ij

)

In the Bandgap:
▶ α ∈ {0,±π/L} is fixed to α̃
▶ β∈ R
▶

ρ(C) =
⋃
β∈R

σ
(
Ĉα̃,β

ij

)
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Symbol function and Toeplitz Theory

Quasiperiodic operator Ĉα,β ∈ Ck×k.

The real space operator C ∈ ℓ2(Λ) is a tridiagonal k-Toeplitz operator.

Discrete Floquet transform I : L2(Y ) → ℓ2(Λ),

I[ψ](ℓ) := 1

|Y ∗|

∫
Y ∗
ψ(α)e−iα·ℓ dα

C and Ĉα,β ∈ Rk×k are related,
Cℓ = I[Ĉα,β̃ ](ℓ).
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Tridiagonal k-Toeplitz operators.

Example: 2-Toeplitz operator:

T(f) :=



a1 b1 0 0
c1 a2 b2 0
0 c2 a1 b1 0 0
0 0 c1 a2 b2 0

0 ck
. . .

. . .

0 0
. . .


=


A0 A−1

A1 A0 A−1

A1
. . .

. . .
. . .



Symbol function:

f : C → C2×2

z 7→ A−1z
−1 +A0 +A1z =

(
a1 b1 + c2z

c1 + b2z
−1 a2

)
.
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Spectrum of k-Toeplitz operators

Let us define the sets:

σdet(f) :=
{
λ ∈ C : det

(
f(z)− λ

)
= 0, ∃z ∈ T

}
,

σwind(f) :=
{
λ ∈ C \ σdet(f) : wind

(
det
(
f(T)− λ), 0

)
̸= 0
}
.

Theorem (dB, Ammari, Liu, Thalhammer)

Let f ∈ Ck×k(T) be the symbol of a tridiagonal k-Toeplitz operator T (f) it holds that

σdet(f) ∪ σwind(f) ⊆ σ
(
T (f)

)
⊆ σdet(f) ∪ σwind(f) ∪ σ(B0),

B0 ∈ Rk−1×k−1 is the principal minor of A0.
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Eigenvector Asymptotics

Lemma (dB, Hiltunen)

Let λ ∈ R be an eigenfrequency, such that T(f)u = λu then

|u(i+k)|
|u(i)|

= O
(
e−(r−β̃)

)
,

where r = 1
2 log

(∏k
i=1

bi
ci

)
is fixed and β̃(λ) = arccosh

(
− g(λ)

2Aer

)
, for A = (−1)k+1

∏k
i=1 ci, and g(λ) a

known polynomial.

(a) Monomer (k = 1). (b) Dimer (k = 2).
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Defect-Induced Localization Transitions
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Topological properties
Y. De Bruijn and E. O. Hiltunen
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Figure 2.1. The light blue area, labelled ωwind, depicts the positive winding zone where ei-
genvectors are exponentially localized on one side of the system, although they may exhibit
varying decay rates. Within the fully encompassed red area, called the open limit spectrum ωopen,
eigenmodes are uniformly localised on one side with consistent decay. The green region, ωc

wind,
signifies zones where defect eigenmodes are exponentially localized within the bulk, displaying
di!ering localisation strengths on either side of the defect. The calculations are performed based
on the Capacitance Toeplitz matrix detailed in Section 3.2

There are instances where the pseudospectrum aligns with the spectrum. This is formally asserted by
the subsequent theorem [33, Theorem 2.3].

Theorem 2.13 (Bauer-Fike). Suppose A → CN→N is diagonalisable, A = V!V↑1. Then, for each ε > 0,
ω(A) + !ω ↑ ωω(A) ↑ ω(A) + !ωε(V), (2.47)

where ϑ(V) is the condition number of V and
ω(A) + !ω =

{
z : z = z1 + z2, z1 → ω(A), |z2| < ε

}
. (2.48)

In the sequel, we will consider defected tridiagonal operators. We assume that the defect position remains
the same relative to the truncated structure, that is, m = ↓N/2↔ for a defect located in the middle of the
resonator chain.

For defective non-Hermitian operators, we derive a result pertaining to the convergence of defect
eigenfrequencies. Let us denote by TN (f) → RN→N the tridiagonal k-Toeplitz matrix which results from
truncating the operator T(f) to the first N entries and let ϖN be the associated eigenvalue.

Corollary 2.14. Let ϖ → R \ ωopen be the defect eigenfrequency of the Toeplitz operator T(f) and ϖN the
defect eigenfrequency of the truncated operator TN (f), then

|ϖ ↗ ϖN | = O(e↑ϑ̃N ) as N ↘ ≃, (2.49)

where ϱ̃(ϖ) = arccosh
(

↗ g(ϖ)
2Aer

)
where the positive root of arccosh (·) is chosen.

Proof. Let us introduce a similarity transform which scales the argument of the symbol function, TN

(
f(er·)

)
=

RN (er)↑1TNRN (er), where
(
RN (er)

)
ii

:= e↑r↓ i→1
k ↔. In order to apply Theorem 2.13 we have to control

the condition number ϑ(V) for the eigenbasis of TN

(
f(er·)

)
= V!V↑1. From the proof of [4, Theorem

3.5], we have the bound ϑ(V) ⇐ C which is uniform in N . So, by Theorem 2.13 it follows that,

ωω

(
TN

(
f(er·)

))
⇒ ω

(
TN

(
f(er·)

))
+ !Cω, (2.50)

A bound on the pseudospectrum can be achieved by the fact that defect modes are exponentially localised
around the de!ect site. By (2.50) we achieve the bound on the defect eigenfrequency,

∣∣∣∣ϖ
T

(
f(es·)

)
↗ ϖ

TN

(
f(es·)

)
N

∣∣∣∣ ⇐ Ce↑ϑ̃N . (2.51)

8
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Defected finite non-Hermitian systems

Changed wave speed:

v v v . . . . . .ṽ v v v v
s s s s s s s

(c) Resonances (d) Exponential decay vs Complex band structure
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Finite Media and Pseudospectra

Question:
▶ Why is the Complex Band Structure valid for finite media?

Definition
λ is ε-pseudoeigenvalue of A with ε-pseudoeigenvector if,

∥(A− λ)u∥ < ε for some vector u with ∥u∥ = 1.

Solution:
▶ Truncated eigenvectors of a semi-infinite system become εN -pseudoeigenvectors in the finite system

εN = e−β(λ)N .
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Two-Dimensional Crystal

l2

l1

D

Y

Figure: Square lattice with a single resonator inside the unit cell (N = 1).
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Bandgap Green’s function

Two-dimensional Helmholtz problem

∆u+ k2u = 0, in Y \D,
∆u+ k2i u = 0, in Di,

u|+ − u|− = 0, on ∂D,
∂u

∂ν

∣∣∣∣
−
− δ

∂u

∂ν

∣∣∣∣
+

= 0, on ∂D,

u(x+ ℓ) = ei(α+iβ)·ℓu(x), for all ℓ ∈ Λ.

For a real quasimomentum (β = 0), the α-quasiperiodic Green’s function Gα,k satisfies

∆Gα,k(x) + k2Gα,k(x) =
∑
m∈Λ

δ(x−m)eiα·m,

and is given by

Gα,k(x) =
1

|Y |
∑
q∈Λ∗

ei(α+q)·x

k2 − |α+ q|2
.
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Generalised Green’s function

Change of function,
v(x) := eβ·xu(x), β ∈ R2.

Substituting v into the Helmholtz problem,

∆v − 2β · ∇v + (k2 + |β|2)v = 0, in Y \D,
∆v − 2β · ∇v + (k2i + |β|2)v = 0, in Di,

v|+ − v|− = 0, on ∂D,

∂v

∂ν

∣∣∣∣
−
− (β · ν)v − δ

(
∂v

∂ν

∣∣∣∣
+

− (β · ν)v

)
= 0, on ∂D,

v(x+ ℓ) = eiα·ℓv(x), for all ℓ ∈ Λ.

v satisfies the real Floquet-Condition.

The band gap Green’s function satisfies

∆G̃α,β,k(x)− 2β · ∇G̃α,β,k(x) + (k2 + |β|2)G̃α,β,k(x) =
∑
m∈Λ

eiα·mδ(x−m).
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Generalised Green’s function

Poisson summation formula,

G̃α,β,k(x) =
1

|Y |
∑
q∈Λ∗

ei(α+q)·x

k2 + |β|2 − 2iβ · (α+ q)− |α+ q|2
.

Computational Bottleneck: G̃α,β,k(x) is only conditionally convergent.

Solution: Accelerated lattice sum methods have been introduced.
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Layer Potential Techniques

Let D ⊂ Y be a domain in R2 with a boundary ∂D ∈ C1,s, with some 0 < s < 1.

Single Layer Potential of ϕ,

S̃α,β,k
Di

: L2(∂D) → H1(∂D)

ϕ 7→ S̃α,β,k
D [ϕ](x) =

∫
∂D

G̃α,β,k(x− y)ϕ(y)dσ(y), x ∈ R2.

Field solution

v(x) =

{
S̃α,β,k
D [ϕ](x), in Y \D,

S̃α,β,ki

Di
[ψ](x), in Di,

and unknown ϕ, ψ ∈ L2(∂D).

Gap mode
u(x) = e−β·xv(x).
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Multipole Expansion Method

Circular Resonators 7→ Fourier Basis {einθ}n∈Z of L2(∂D).

A multipole expansion of order M , i.e. n ∈ [−M,M ], is given by

(S̃α,β,k
D )m,n =

1

2π

〈
eimθ, S̃α,β,k

D [einφ]
〉

∈ C(2M+1)×(2M+1)

=
r

2π

∫ 2π

0

e−imθ

∫ 2π

0

G̃α,β,k
(
r(eiθ − eiφ)

)
einφ dφ dθ.

Replace G̃α,β,k with preferred (accelerated) representation.

Evaluating the boundary integral is a numerically delicate task
▶ Bessel representation if possible.
▶ Trapezoidal/Simpsons rule.
▶ Adaptive Quadrature.

Yannick De Bruijn (University of Oslo) Wave localisation in periodic media. 31 October 2025 31 / 43



Multipole Expansion Method

Circular Resonators 7→ Fourier Basis {einθ}n∈Z of L2(∂D).

A multipole expansion of order M , i.e. n ∈ [−M,M ], is given by

(S̃α,β,k
D )m,n =

1

2π

〈
eimθ, S̃α,β,k

D [einφ]
〉

∈ C(2M+1)×(2M+1)

=
r

2π

∫ 2π

0

e−imθ

∫ 2π

0

G̃α,β,k
(
r(eiθ − eiφ)

)
einφ dφ dθ.

Replace G̃α,β,k with preferred (accelerated) representation.

Evaluating the boundary integral is a numerically delicate task
▶ Bessel representation if possible.
▶ Trapezoidal/Simpsons rule.
▶ Adaptive Quadrature.

Yannick De Bruijn (University of Oslo) Wave localisation in periodic media. 31 October 2025 31 / 43



Multipole Expansion Method

Circular Resonators 7→ Fourier Basis {einθ}n∈Z of L2(∂D).

A multipole expansion of order M , i.e. n ∈ [−M,M ], is given by

(S̃α,β,k
D )m,n =

1

2π

〈
eimθ, S̃α,β,k

D [einφ]
〉

∈ C(2M+1)×(2M+1)

=
r

2π

∫ 2π

0

e−imθ

∫ 2π

0

G̃α,β,k
(
r(eiθ − eiφ)

)
einφ dφ dθ.

Replace G̃α,β,k with preferred (accelerated) representation.

Evaluating the boundary integral is a numerically delicate task
▶ Bessel representation if possible.
▶ Trapezoidal/Simpsons rule.
▶ Adaptive Quadrature.

Yannick De Bruijn (University of Oslo) Wave localisation in periodic media. 31 October 2025 31 / 43



Multipole Expansion Method

Circular Resonators 7→ Fourier Basis {einθ}n∈Z of L2(∂D).

A multipole expansion of order M , i.e. n ∈ [−M,M ], is given by

(S̃α,β,k
D )m,n =

1

2π

〈
eimθ, S̃α,β,k

D [einφ]
〉

∈ C(2M+1)×(2M+1)

=
r

2π

∫ 2π

0

e−imθ

∫ 2π

0

G̃α,β,k
(
r(eiθ − eiφ)

)
einφ dφ dθ.

Replace G̃α,β,k with preferred (accelerated) representation.

Evaluating the boundary integral is a numerically delicate task
▶ Bessel representation if possible.
▶ Trapezoidal/Simpsons rule.
▶ Adaptive Quadrature.

Yannick De Bruijn (University of Oslo) Wave localisation in periodic media. 31 October 2025 31 / 43



Complex-Quasiperiodic Capacitance

Theorem (dB & Hiltunen)

Consider a system of N subwavelength resonators in the unit cell Y and assume G̃α,β,k(x) is

well-defined and S̃α,β,0
D is invertible. As δ → 0, the subwavelength resonant frequencies ωα,β

n satisfy the
asymptotic formula

ωα,β =

√
δλα,βn +O(δ), n = 1, . . . , N,

where {λα,βn } are the N eigenvalues of the generalised capacitance matrix Cα,β ∈ CN×N , given by

Cα,β
ij = − v2i

|Di|

∫
Di

e−iβ·xψjdσ, ψi = (S̃α,β,0
D )−1[eβ·xχ∂Di

].
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Spectral Plot and complex Band Functions
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Figure: Generate the spectral plot in 0.5s and an expected error of O(10−3).
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2D Defect Modes

(a) Finite defected resonator lattice.

(b) Defect eigenmode.
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Defect Modes and Spectral Plot
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Figure: Decay for β horizontal (→).
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Complex Floquet transform

Theorem (dB & Hiltunen)

Let u be a complex Bloch mode for some β ∈ Rn \ {0}, i.e.,∣∣u(x+ ℓ)
∣∣ = eβ·ℓ

∣∣u(x)∣∣, ∀ℓ ∈ Λ.

Then the complex Floquet transform is well-defined and given by,

u(x) 7→ UΛ

[
u(x, α+ iβ)

]
:=
∑
ℓ∈Λ

u(x− ℓ)ei(α+iβ)·ℓ.
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Truncated complex Floquet transform

Defect mode um, with decay length β̃.

Finite lattice Λt,

∥(û)α∥2 :=

∥∥∥∥∥ ∑
m∈Λt

ume
i(α+iβ̃)·m

∥∥∥∥∥
2

.

∥(û)α∥2 has distinct peaks,

α = max
α∈Y ∗

∥(û)α∥2.

Figure: ∥(û)α∥2 at gap frequency ω = 0.6.

Yannick De Bruijn (University of Oslo) Wave localisation in periodic media. 31 October 2025 38 / 43



Truncated complex Floquet transform

Defect mode um, with decay length β̃.

Finite lattice Λt,
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∥(û)α∥2 has distinct peaks,

α = max
α∈Y ∗

∥(û)α∥2.
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Truncated complex Floquet transform

Defect mode um, with decay length β̃.

Finite lattice Λt,

∥(û)α∥2 :=

∥∥∥∥∥ ∑
m∈Λt

ume
i(α+iβ̃)·m

∥∥∥∥∥
2

.

∥(û)α∥2 has distinct peaks,

α = max
α∈Y ∗

∥(û)α∥2.

Figure: ∥(û)α∥2 at gap frequency ω = 0.6.
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Phase-shift within the Band Gap
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3 Phase-shift zones
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Current and Future Projects

3D resonator chains:
. . . . . .

Dense Toeplitz operators:

A =


a0 a−1 a−2 a−3 · · ·
a1 a0 a−1 a−2 · · ·
a2 a1 a0 a−1 · · ·
a3 a2 a1 a0 · · ·
...

...
...

...
. . .

 .

Long term:
▶ Electromagnetic Resonances (Maxwell).
▶ Finite Element methods.
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Questions?

(a) 1D Decay Transition.
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(b) 2D Spectral Plot. (c) Floquet Transform.
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What does the spectral Plot mean?

Band formulation, i.e. β = 0,
∆u + k

2
u = 0, in Y \ D,

∆u + k
2
iu = 0, in Di,

u|+ − u|− = 0, on ∂D,
∂u

∂ν

∣∣∣∣
−

− δ
∂u

∂ν

∣∣∣∣
+

= 0, on ∂D,

u(x + ℓ) = e
i(α+iβ)·ℓ

u(x), for all ℓ ∈ Λ.

Gap formulation i.e. β ̸= 0, set v(x) := eβ·xu(x),
∆v − 2β · ∇v + (k

2
+ |β|2)v = 0, in Y \ D,

∆v − 2β · ∇v + (k
2
i + |β|2)v = 0, in Di,

v|+ − v|− = 0, on ∂D,

∂v

∂ν

∣∣∣∣
−

− (β · ν)v − δ

(
∂v

∂ν

∣∣∣∣
+

− (β · ν)v
)

= 0, on ∂D,

v(x + ℓ) = e
iα·ℓ

v(x), for all ℓ ∈ Λ.
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Motivation: Singularities in the Band functions

(d) Close View. (e) Wide View.

Figure: Band function ωα,β for fixed α = [π, π] and Resonator radius R = 0.005.
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