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Floquet transform

o Let f € L2 (R™), the Floquet transform is given by f(z) — Upr[f(z, )] = ,cp [z — £)el™ .
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Floquet transform

o Let f € L2 (R™), the Floquet transform is given by f(z) — Upr[f(z, )] = ,cp [z — £)el™ .

o Consider elliptic and periodic differential operator L(z, dx) with A periodic coefficients.

@ Due to periodicity,
UL f|(z, ) = LU[f](z, ).

o Fiber Decomposition: 0.5
®
L:/ L(a) 0.4
R7/(2mZ™) 0.3
<
e Spectrum: =02
o)= |J (L) 01
a€R™/(27Z™) 0
—n/L 0 /L
e Bandgap: p(L) =R\ o(L) a
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One Dimensional non-Hermitian Helmholtz scattering

o Model setting:

l
e e e’ [
— — — —
e e e e
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One Dimensional non-Hermitian Helmholtz scattering

o Model setting:

l
e e’ e’ [
—> —> —> —>
— — — —
e’ e e’ e

o Wave equation:

u’(z) + /' (z) + w?u(z) =0, x €D

v (z) + w?u(z) = 0, x € R\D,
uly —u|l- =0, on 0D,

ou ou

% - % = U, on 8D,

u(x + ) = Dy (2), for all £ € A.

» Imaginary gauge potential v € R\ {0}.
» Contrast parameter 0 < § < 1.
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Subwavelength resonant frequencies

Definition
Given ¢ > 0, a subwavelength resonant frequency w = w(d) is defined to be such that

@ there exists a nontrivial solution to the Helmholtz problem.

@ w depends continuously on ¢ and satisfies w(9) 220, 0,
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Subwavelength resonant frequencies

Definition
Given ¢ > 0, a subwavelength resonant frequency w = w(d) is defined to be such that
@ there exists a nontrivial solution to the Helmholtz problem.

@ w depends continuously on ¢ and satisfies w(9) 220, 0,

Why subwavelength:

e v,v; =O(1).
e 0 =|p-/pp| < 1.
o \N= wzjé)'

@ As w(d) — 0, A — oo, while the resonator size is fixed.
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Experimental setup

a) microphone ona 2D computer with a soundcard
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Asymptotic Resonance Expansion

@ Gauge Capacitance matrix

B
G _ i et AV
R J p, €*dx dx

L

where V:*# : R — R is known solutions to some ODE.
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Asymptotic Resonance Expansion

@ Gauge Capacitance matrix

B
o8 — b s av
K fDi evrdx dx

L

where V:*# : R — R is known solutions to some ODE.

Theorem (dB, Hiltunen)

The k subwavelength (complex) band functions o + i3 + w®”? satisfy as § — 0,
Wi =/ox? + 0(s),

where ()\?’ﬁ)lgigk are the eigenvalues of the eigenvalue problem afj’ﬁv = A?’ﬂv.
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Complex Band structure for Monomer (k=1) chain
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Projected visualisation

Recall from Floquet Theory:
@ In the Spectrum:

0.1y > 3 is fixed to
»acY”

0.08} > )
o) = U (@)
< 0.06] acy*

3
004y o In the Bandgap:
0.021 » a € {0,£n/L} is fixed to &

» fER

»
0 : ! _ ~NaLB
—n/L 0 7/L p(C) = U a(Ci;")
« and ( respectively BER
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Symbol function and Toeplitz Theory

o Quasiperiodic operator C%8 € CF**,
@ The real space operator C € ¢?(A) is a tridiagonal k-Toeplitz operator.
e Discrete Floquet transform Z : L2(Y) — 2(A),

(@)e it da

00 = |

e C and C# € RF** are related,

¢t = (e ().

Wave localisation in periodic media. 31 October 2025 14 /43



Table of Contents

@ Non-Hermitian One Dimensional systems

@ Tridiagonal k-Toeplitz operators

Yannick De Bruijn  (University of Oslo) Wave localisation in periodic media. 31 October 2025 15/43



Tridiagonal k-Toeplitz operators.

Example: 2-Toeplitz operator:

a1 b 1 0 0

c by O
1 az 02 7 Ay A
0 ¢ a b 0 0 I
0 0 ¢ a by O ! 0 —1
T(f) := _ N
0 ¢ 1
0 0
@ Symbol function:
f:C—C?*2
1271 = ax by + coz
B Az +A0+AIZ_((11+/)221 as )
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Spectrum of k-Toeplitz operators

@ Let us define the sets:

oaet(f) == {)\ eC: det(f(z) — )\) =0, Jdz € ']I‘}7
Twind(f) = {\ € C\ 0aer(f) : wind(det(f(T) — X),0) # 0}.
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Spectrum of k-Toeplitz operators

@ Let us define the sets:

odet(f) == {)\ eC: det(f(z) - )\) =0, Iz € ']I‘}7
Twind(f) = {\ € C\ 0aer(f) : wind(det(f(T) — X),0) # 0}.

Theorem (dB, Ammari, Liu, Thalhammer)
Let f € (Cka(’]I‘) be the symbol of a tridiagonal k-Toeplitz operator T'(f) it holds that
Ud(‘l,(,f) U U-wind(f) g U(T(f)) g Ud(tl,(.f) U OWind(,f) U O'(BO),

Bg € RF=1Xk=1 s the principal minor of Ag.
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Eigenvector Asymptotics

Lemma (dB, Hiltunen)

Let X € R be an eigenfrequency, such that T(f)u = Au then

|u(i+k)| _ —(r=p)
[u@®| —(’)(e )’

where r = 1 log (Hf‘;l (—) is fixed and 3(\) = arccosh(— 221, for A = (—1)*1[TE, ¢, and g()) a
known polynomial.

0
0 /L —r/L 0 /L
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Defect-Induced Localization Transitions

10°

5107 /\

. 7 loflﬂ
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« Eigenvector Index 10 —
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0 10710
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L | 1071[1
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< 1l | F10
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107
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1 s l(/ 0 50 100 0
> s, <= Eigenvector Index .
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Eigenvector Index
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Topological properties

10°
0.12 % g
10 O—s\/llld
1070
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~
< 0.08 - 10° )
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Defected finite non-Hermitian systems

o Changed wave speed:

s S s S S s S
vt vt (TR | ot | v ot TR |

0.1}

BOo0

0 Band Resonance

oo # Defect Resonance 0
Oe ‘ ‘ : : ‘ :
0 10 20 30 40 50 —n/L 0 /L
Index a and [ respectively
(c) Resonances (d) Exponential decay vs Complex band structure
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Finite Media and Pseudospectra

@ Question:
» Why is the Complex Band Structure valid for finite media?
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Finite Media and Pseudospectra

@ Question:
» Why is the Complex Band Structure valid for finite media?

Definition

A is e-pseudoeigenvalue of A with e-pseudoeigenvector if,

[l(A — Xu|| < & for some vector u with |ju|| = 1.
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Finite Media and Pseudospectra

@ Question:
» Why is the Complex Band Structure valid for finite media?

Definition

A is e-pseudoeigenvalue of A with e-pseudoeigenvector if,

[l(A — Xu|| < & for some vector u with |ju|| = 1.

@ Solution:
» Truncated eigenvectors of a semi-infinite system become e n-pseudoeigenvectors in the finite system

en =e PN,
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Two-Dimensional Crystal

h
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Bandgap Green's function

@ Two-dimensional Helmholtz problem

Au+ k*u=0,

Au + k?u =0,

uly —ul- =0,

oul o,
ov|_ ov|, ’

u(x +€) = Ty (),

Wave localisation in periodic media.

in Y \ D,
in Di7

on 0D,
on 0D,

for all ¢ € A.
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Bandgap Green's function

@ Two-dimensional Helmholtz problem

Au+ Eu =0, in Y\ D,
Au—l—k?u:O, in D;,

uly —ul- =0, on dD,

8—” — (5% =0, on 0D,
ov|_ ov n

u(x +€) = Ty (x), forall £ € A.

o For a real quasimomentum (3 = 0), the a-quasiperiodic Green's function G** satisfies

AGa,k( )+k2Gak Z 5 ZL’— 1o¢m

meA
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Bandgap Green's function

@ Two-dimensional Helmholtz problem

Au+ Eu =0, in Y\ D,
Au—l—k?u:O, in D;,

uly —ul- =0, on dD,

8—” — (5% =0, on 0D,
ov|_ ov n

u(x +€) = Ty (x), forall £ € A.

o For a real quasimomentum (3 = 0), the a-quasiperiodic Green's function G** satisfies

AGa,k( )+k2Gak Z 5 ZL’— 1o¢m
meA
and is given by
1 el(a+q) T
Goc,k _
=W L o
qeA
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Generalised Green's function

@ Change of function,
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Generalised Green's function

@ Change of function,
v(z) = e’ Tu(z), B R

@ Substituting v into the Helmholtz problem,

Av—283-Vu+ (k* +|8[*)v =0, in Y\ D,
Av —28-Vu+ (k2 +|8*)v =0, in D,
’U|+—7}|, :Oa on 6D7

Ov v
ay_—(ﬂ"/)v—(s(aer—(ﬁ-V)U)—O, on D,

v(z +0) = (), for all £ € A.
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Generalised Green's function

@ Change of function,
v(z) = e’ Tu(z), B R

@ Substituting v into the Helmholtz problem,

Av—283-Vu+ (k* +|8[*)v =0, in Y\ D,
Av —28-Vu+ (k2 +|8*)v =0, in D,
’U|+—7}|, :Oa on 6D7

Ov v
ay_—(ﬂ"/)v—(s(aer—(B-V)U)—O, on D,

v(z +0) = (), for all £ € A.

@ v satisfies the real Floquet-Condition.
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Generalised Green's function

@ Change of function,

v(z) = e’ Tu(z), B R

@ Substituting v into the Helmholtz problem,

Av —28-Vu+ (k* +|8*)v =0,

Av—28-Vu+ (kI +|B8*)v

vl —v|- =0,

Ov v

By _—(ﬂ'V)U—5<8V +—(5 V)“) =0,

v(z +0) = (),
@ v satisfies the real Floquet-Condition.
@ The band gap Green's function satisfies

AGOPE(a) =28 VGEOP*(2) + (12 + |81 GO (x

Wave localisation in periodic media.

in Y\ D,
in Di,
on 0D,

on 0D,

for all ¢ € A.

Zelamdx— m).

meA
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Generalised Green's function

@ Poisson summation formula,
ei(aJrq)-w

Gaﬂk - )
|Y| D i Y B
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Generalised Green's function

@ Poisson summation formula,
ei(ochq)-w

Gaﬂk - )
|Y| ; k2 4|82 = 2iB - (a4 q) — |+ g

o Computational Bottleneck: G*#%(z) is only conditionally convergent.

Wave localisation in periodic media. 31 October 2025 29 /43



Generalised Green's function

@ Poisson summation formula,
ei(aJrq)-w

Gaﬁk - )
|Y| ; k2 4|82 = 2iB - (a4 q) — |+ g

o Computational Bottleneck: G*#%(z) is only conditionally convergent.

@ Solution: Accelerated lattice sum methods have been introduced.
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 0D € C1*, with some 0 < 5 < 1.
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 0D € C1*, with some 0 < 5 < 1.
@ Single Layer Potential of ¢,

SyP* L*(9D) — H'(9D)

¢ SHPFl() = [ GO (@ —y)e(y)doly), =€ R

oD
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 0D € C1*, with some 0 < 5 < 1.
@ Single Layer Potential of ¢,

SyP* L*(9D) — H'(9D)

¢ SHPFl() = [ GO (@ —y)e(y)doly), =€ R

oD

o Field solution

208k _ _
v(z) = {SD [9)(), in YA D, and unknown ¢, € L%(8D).

SyPR (@), in Dy,
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 0D € C1*, with some 0 < 5 < 1.
@ Single Layer Potential of ¢,

SyP* L*(9D) — H'(9D)

¢ SHPFl() = [ GO (@ —y)e(y)doly), =€ R

oD

o Field solution

208k _ _
v(z) = {SD [9)(), in YA D, and unknown ¢, € L%(8D).

SyPR (@), in Dy,

o Gap mode

u(z) = e P ou(z).
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Multipole Expansion Method

@ Circular Resonators — Fourier Basis {ei"‘g}nez of L2(0D).
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Multipole Expansion Method

@ Circular Resonators — Fourier Basis {ei"‘g}nez of L2(0D).

e A multipole expansion of order M, i.e. n € [-M, M], is given by

~ 1, . ~ .
(Sg,ﬁ,k)mm _ 27<61m0’SOtD75,k[61n4p]> c C@M+1)x(2M+1)
™
r 27 . 27 . o . ) )
=5 ef‘mQ/ G Bk (r(e‘e —e¥))e™? depde.
T Jo 0
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Multipole Expansion Method

@ Circular Resonators — Fourier Basis {ei"‘g}nez of L2(0D).

e A multipole expansion of order M, i.e. n € [-M, M], is given by
1

qo, B,k _ im0 Ga,B.ky i 2M+1)x (2M+1

(Sp"mn = 7<61m »Sp [elmp]> e ¢l el )
2
r 27 . 2m . . .

= — eilmQ/ GO R (p(ef — €19)) ™ dp db.
27T 0 0
@ Replace (/" with preferred (accelerated) representation.
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Multipole Expansion Method

o Circular Resonators ~ Fourier Basis {¢/"?},,c7 of L2(0D).
e A multipole expansion of order M, i.e. n € [-M, M], is given by
~ 1 . ~ .
(Sgﬁ,k)mm _ 27<61m0’80¢D7ﬁ,k‘[61an]> c C@M+1)x(2M+1)
s
r 27 . 27 . . .
= — ef‘mQ/ r(e‘e —e¥))e™? depde.

27T 0 0
@ Replace with preferred (accelerated) representation.
@ Evaluating the boundary integral is a numerically delicate task

» Bessel representation if possible.
> Trapezoidal /Simpsons rule.
» Adaptive Quadrature.
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Complex-Quasiperiodic Capacitance

Theorem (dB & Hiltunen)

Consider a system of N subwavelength resonators in the unit cell Y and assume 7% (1) is

well-defined and SB’B’O is invertible. As § — 0, the subwavelength resonant frequencies w®"® satisfy the
asymptotic formula

w®? =1\/ASP + O), n=1,...,N,
where {\%#} are the N eigenvalues of the generalised capacitance matrix C*" € CNV*N  given by

« U‘2 —iB- S _ .
Cij’ﬁ _ / e iB wTﬁde, wl _ (SD,J,()) l[eﬂ IX@DI']-
|Dil Jp,
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Spectral Plot and complex Band Functions

[
N]
T

—_
T

Frequency w
o
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T

o o o
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—6 —4 -2 r M X T
Complex part 3 Real part

o

Figure: Generate the spectral plot in 0.5s and an expected error of O(1073).
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ek Dt Bt (University of sl N SO S S B @it 20D

2D Defect Modes

e o6 o o o
e 6 o o o
log(Ju(x)])

(a) Finite defected resonator lattice.

(b) Defect eigenmode.

[m] = =




Defect Modes and Spectral Plot
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Figure: Decay for 3 horizontal (—).
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Complex Floquet transform

Theorem (dB & Hiltunen)
Let u be a complex Bloch mode for some 5 € R™ \ {0}, i.e,

|u(z +0)| = e‘/f'z}u(x)

, Ve A

Then the complex Floquet transform is well-defined and given by,

u(x) = Un [u(z, o +i0)] = Z u(z — £)eletin g,
e

Wave localisation in periodic media. 31 October 2025
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Truncated complex Floquet transform

@ Defect mode u,,, with decay length 3.
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Truncated complex Floquet transform

o Defect mode 11,,, with decay length [3.
o Finite lattice A4,

[(@)all2 =

Z uln ei(aJriB).m

meA

2
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Truncated complex Floquet transform

: F: .

@ Defect mode u,,, with decay length 5.
sy

U

o Finite lattice Ay, B

I(@)all2 = || D el

meA 2

Figure: ||(4)a||2 at gap frequency w = 0.6.
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Truncated complex Floquet transform

@ Defect mode u,,, with decay length 5. S
:‘\;.':‘ghg\‘:\‘“;\\\\

o Finite lattice Ay, ‘-\‘\\o&“

J@allz = || 3 upelerim

meA 2

@ ||(4)qall2 has distinct peaks,

(a)a||2-

= Imax
acY*

Figure: ||(4)a||2 at gap frequency w = 0.6.
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Phase-shift within the Band Gap

™

Frequency: w = 0.580

&%)

0

0 9

03]
(=)o)
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3 Phase-shift zones

%
0.9
* a=TI
0.85 .
0.8 x
3
2 0.75
a
s X
o=
g 0.7+
=
0.65 -
o5 SN o=
0.55 (- / \ \ /
! ! ™~
—6 —4 -2 T M X T
Complex part 8 Real part o
Yannick De Bruijn  (University of Oslo) Wave localisation in periodic media. 31 October 2025 40/43




Table of Contents

@ Current and Future Projects

Yannick De Bruijn (University of Oslo) Wave localisation in periodic media. 31 October 2025 41/43



Current and Future Projects
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Questions?

T 1 m X T " 00
w5 Real par 2

(a) 1D Decay Transition. (b) 2D Spectral Plot.  (c) Floquet Transform.
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What does the spectral Plot mean?

@ Band formulation, i.e. 5 =0,

Au%»lc;"u:O7 inY \ D,
Au + k?u =0, in D;, 1.6+
ul4 —ul- =0, on dD, 14l
ou ou
— —6—| =0, on dD,
ov|_ |, 5 127
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o Gap formulation i.e. 8 # 0, set v(x) := eﬁ'zu(m), 50'8
0.6} ]
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Motivation: Singularities in the Band functions

8
7
- 6
53
5
0! 4
3
(d) Close View. (e) Wide View.

Figure: Band function w™* for fixed o = [, 7] and Resonator radius R = 0.005.
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