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Floquet-Bloch Theory

o Benefit: T o Y
> Reduce periodic structure to one unit cell. oo :
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Floquet-Bloch Theory

o Benefit: P I Y
. . © 00
> Reduce periodic structure to one unit cell. ’
o[o]e @
o Downside: © & O
> Finite systems. b
> Defected systems. o0 o000
eo0o 00 o0
. o0 o0
@ Solution: o
o e0o o0 o0 o0
> Introduce Complex Floquet conditions. ©o 000 o

» Capture quantitative localisation behaviour.
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One Dimensional non-Hermitian Helmholtz scattering

@ Model setting:

1 SN
Il 1l | ' 1 ln—1 |
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One Dimensional non-Hermitian Helmholtz scattering
@ Model setting:
4
...... T g o N g ey SN

o Wave equation:
u'(x) +yu'(x) + w?u(x) =0, xeD
u’(x) + w?u(x) =0, x € R\D,
uly —ul- =0, on 0D,
@ — @ =0, on 0D
ov ov|,
u(x 4 £) = ey (x), for all £ € A,

where
> Imaginary gauge potential v € R\ {0}.
» Contrast parameter 0 < § < 1.
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Complex Band structure for Monomer chain
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Projected visualisation
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Defected finite non-Hermitian systems

o Changed wave speed:
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Defect-Induced Localization Transitions
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Topological properties
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Tridiagonal k-Toeplitz operators.

Example: 2-Toeplitz operator

ai b1 0 0
C ar b2 0
0 ¢ a by 0 0 20 ’XlA
1 0 ~1
0 0 c1  az b2 0
0 Ck
0 0
@ Symbol function:
f.:C— C2x?
1 o dai bl —+ Z
z—A_ 1z + A+ A z= (Cl 4 hyzl 2 ) .
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Spectrum of k-Toeplitz operators

@ Let us define the sets:

s (F) == {A € C: det(f(z) — \) =0, 3z € T},
Owind(f) := {)\ € C\ 04et(f) : wind (det(f(T) — )\),0) £ O}.
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Spectrum of k-Toeplitz operators

@ Let us define the sets:

s (F) == {A € C: det(f(z) — \) =0, 3z € T},
Owind(f) := {)\ € C\ 04et(f) : wind (det(f(T) — )\),0) £ O}.

o Let By € RF"1%k~1 pbe the principal minor of A,.
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Spectrum of k-Toeplitz operators

@ Let us define the sets:

s (F) == {A € C: det(f(z) — \) =0, 3z € T},
Owind(f) := {)\ € C\ gges(f) : wind(det(f(T) — )\),0) £ O}.

o Let By € RF"1%k~1 pbe the principal minor of A,.

Theorem (dB, Ammari, Liu, Thalhammer)
Let f € CK*K(T) be the symbol of a tridiagonal k-Toeplitz operator T(f) it holds that

(Tdof(f) U Uwind(f) g U(T(f)> g (7(](‘t(f) U Uwind(f) U U(BO)~
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Similarity transform and eigenvector estimate

o Tridiagonal k-Toeplitz operators are similar to symmetric matrices = real spectrum.
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Similarity transform and eigenvector estimate

o Tridiagonal k-Toeplitz operators are similar to symmetric matrices = real spectrum.

o Let f symbol of symmetrised operator.
» ouee(f) = {\ € R | 2Ae" cos(a) cosh(B — r) + g(\) = 0}.
> O'Wind(f) = 0.
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Similarity transform and eigenvector estimate

o Tridiagonal k-Toeplitz operators are similar to symmetric matrices = real spectrum.
o Let f symbol of symmetrised operator.

» ouee(f) = {\ € R | 2Ae" cos(a) cosh(B — r) + g(\) = 0}.

> owind(F) = 0.

Lemma (dB, Hiltunen)
Let A € R be an eigenfrequency, such that T(f)u = Au then

|u(i+k)| rB
lu(®| =0(e ( H))’

where r = % log (Hj;l %) is fixed and () = arccosh(— &), for A= (—1)*' [, i, and g()\) a
known polynomial.
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Pseudospectra

@ Question:
» Why is the Complex Band Structure valid for finite media?

Definition
A is e-pseudoeigenvalue of A with e-pseudoeigenvector if,

[[(A — Mu|| < e for some vector u with |lu]| = 1.

o Finite vs semi-infinite systems:

» Truncated eigenvectors of a semi-infinite system become ey-pseudoeigenvectors in the finite system

EN = e PN,

@ Conclusion:

» Exponentially localised mode insensitive to boundary conditions.
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Possible Applications

Disordered /random media systems.
Topologically protected/edge interface modes (SSH chain).
Defected materials.

Wave guiding.

Invisible Tunnelling.
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Two-Dimensional Crystal

h

Figure: Square lattice with a single resonator inside the unit cell (N = 1).
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Bandgap Green's function

@ Two-dimensional Helmholtz problem

Au+ k*u=0,
Au+ k*u =0,

uly —ul- =0,

oo ou
ov ov |,
u(x + ) = ey (x),
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Bandgap Green's function

@ Two-dimensional Helmholtz problem

Au+ k*u=0, in Y\ D,
Au+ k?u=0, in D;,

uly —ul- =0, on 0D,

@ — @ =0, on 0D,
ov|_ |,

u(x +0) = Ty (x), forall £ € A

e For a real quasimomentum (3 = 0), the a-quasiperiodic Green's function G** satisfies

AGa,k( )+k2Gak Z(SX_ 1ozm
men
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Bandgap Green's function

@ Two-dimensional Helmholtz problem

Au+ k*u=0,

Au+ k*u=0,

uly —ul- =0,

ou Ju

ol e, =

u(x +0) = e y(x),

in Y\ D,
in D,‘7

on 9D,
on 9D,

for all £ € A.

e For a real quasimomentum (3 = 0), the a-quasiperiodic Green's function G** satisfies

AGa,k( )+ k2Ga k

and is given by

Gak |Y‘Zk2

qeN*
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Generalised Green's function

@ Change of function,

v(x) = e®u(x), BeR2
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Generalised Green's function

@ Change of function,
v(x) = e®u(x), BeR2
@ Substituting v into the Helmholtz problem,

Av —2B-Vv+ (K4 |BP)v =0,
Av —2B-Vv+ (k* 4+ |B)v =0,
V‘-‘r - V‘— = 07

ov v
o —@ev-s (G

v(x +0) = e y(x),

—45ww>—m

+
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Generalised Green's function

@ Change of function,
v(x) = e®u(x), BeR2
@ Substituting v into the Helmholtz problem,

Av —2B-Vv+ (K4 |BP)v =0, in Y\ D,
Av —2B-Vv+ (k* 4+ |B)v =0, in Dj,

vy —v|- =0, on 9D,

ov v
ay_—(,B-V)v—é(ay+—(5~y)v>_0, on 9D,
v(x +0) = e y(x), for all £ € A.

@ v satisfies the real Floquet-Condition.
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Generalised Green's function

@ Change of function,
v(x) = e®u(x), BeR2
@ Substituting v into the Helmholtz problem,

Av —26-Vv+ (k>4 |B]*)v =0,
Av—28-Vv+ (k¥ +|B*)v=0

V‘_;,_*V‘_ :Ov
ov Ov —(5~y)v>_0,
+

o —@ev-s (G
v(x +0) = e y(x),

@ v satisfies the real Floquet-Condition.
@ The band gap Green's function satisfies

AGHPK(x) =28 - VGUPK(x) + (k* +|B]3) G¥PH(x
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Generalised Green's function

@ Poisson summation formula,

1((x+q)

X P s B e

Gok(x) =
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Generalised Green's function

@ Poisson summation formula,

1((x+q)

X P s B e

Gok(x) =

o Computational Bottleneck: G”"ﬁ’k(x) is only conditionally convergent.
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Generalised Green's function

@ Poisson summation formula,

1((x+q)

X P s B e

Gok(x) =

o Computational Bottleneck: Ga’ﬁ’k(x) is only conditionally convergent.

@ Solution: Accelerated lattice sum methods have been introduced.
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 9D € C'%, with some 0 < s < 1.
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 9D € C'%, with some 0 < s < 1.
@ Single Layer Potential of ¢,

SyP*: 12(aD) — HY(9D)

b S3PHB)(x) = / GOBH(x — y)dly)doly), x € B2,
oD
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 9D € C'%, with some 0 < s < 1.
@ Single Layer Potential of ¢,

SyP*: 12(aD) — HY(9D)

b s SSPH6)(x) /ka(x Vo)doly), x € Re.

o Field solution

SBkiy in Y\ D,
v(x) = {Sgl_’ﬁ k[[ ]](( )) - Dh\ and unknown ¢, v € L2(8D).
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Layer Potential Techniques

@ Let D C Y be a domain in R? with a boundary 9D € C'%, with some 0 < s < 1.
@ Single Layer Potential of ¢,

SyP*: 12(aD) — HY(9D)

b S3PHB)(x) = / GOBH(x — y)dly)doly), x € B2,
oD

o Field solution

Sa, B,k . n
v(x) = ‘5:2 P k'[()](x), !n YAD, and unknown ¢, 1) € L2(8D).
Sp 7 ](x), in D;,

o Gap mode

u(x) = e P*v(x).
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Quasiperiodic Capacitance

Subwavelength Regime:

@ High contrast low frequency regime = asymptotic expansion of resonances.

o Let 0« » — 4 < 1 such that w(5) =% 0.

Po
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Quasiperiodic Capacitance

Subwavelength Regime:
@ High contrast low frequency regime = asymptotic expansion of resonances.

o Let 0 < 2 — § < 1 such that w(8) == 0.

Theorem (dB & Hiltunen)

Consider a system of N subwavelength resonators in the unit cell Y and assume G*"(x) is

well-defined and S‘D”‘B’O is invertible. As § — 0, the subwavelength resonant frequencies wS"® satisfy the
asymptotic formula

WP =\[ASP + O®), n=1,...,N,

where {3} are the N eigenvalues of the generalised capacitance matrix C*P € CN*N  given by

« V‘2 —if-x S — X
ci’ = _W/D e P xyda, i = (8570 T [e®*xan)].
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Spectral Plot and complex Band Functions
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Figure: Generate the spectral plot in 0.5s and an expected error of (’)(10_3).
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2D defect modes

e 6 o o o

e 6 o o o

e 6 o o o

e 6 o o o

e 6 o o o
log(|u(x)|)

(a) Truncated infinite defected resonator lattice.

(b) Defect eigenmode.
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Defect Modes and Spectral Plot
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Figure: Decay for 3 horizontal (—).
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Complex Floquet transform

Theorem (dB & Hiltunen)

Let u be a complex Bloch mode for some 5 € R"\ {0}, i.e.,

lu(x + )| = e‘”‘u(x)

, YleAN

Then the complex Floquet transform is well-defined and given by,

u(x) = Un[u(x, 0 +i0)] == u(x — £)elleHNE,
ten
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Truncated complex Floquet transform

@ Defect mode u,,, with decay length 3.
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Truncated complex Floquet transform

@ Defect mode u,,, with decay length 3.
o Finite lattice Ay,

§ : ume1(a+1d)-m

me;

1(8)g 5ll2 =

2
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Truncated complex Floquet transform

o Defect mode u,,, with decay length 5. L
‘\“\‘l‘\‘\“h\‘\\\ \\‘\\\\

i
\-“\\\‘\\\\\‘

o Finite lattice Ay,

(8o plle = || 3 uneer?m

me; 2

Figure: [|(d),, 5|2 at gap frequency w = 0.6.
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Truncated complex Floquet transform

@ Defect mode u,,, with decay length /;’

150 .
o Finite lattice A, I
o 100
(@) 5012 = || D upeleHiom S
me; 2
0
o [[(d), 5ll2 has distinct peaks, e

a = max||(d), sll2-

Figure: [|(d),, 5|2 at gap frequency w = 0.6.
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Phase-shift within the Band Gap
Frequency: w = 0.580
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3 Phase-shift zones
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Questions?

T ¥ T w 00

w5 Real part

(a) 1D Decay Transition. (b) 2D Spectral Plot.  (c) Floquet Transform.
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What does the spectral Plot mean?

@ Band formulation, i.e. 5 =0,

Au+ Ku=0, in Y\D,
Au+ Ku=0, in Dj, 16}
uly —ul- =0, on 9D, |
Ou du L4
—| —4é—| =0, on 9D,
ov|_ v |, 5 127
u(x + €) = Ty forall £ € A B oqb
g
. Box 208}
@ Gap formulation i.e. 8 # 0, set v(x) := e”*u(x), &
0.6} ]
Av —28-Vv+ (K +|8)*)v =0, in Y\ D, 0.4
Av—283-Vv+ (K +|8)v =0, in D;, 02l
vy —v]= =0, on 9D,
8 a 0 L L L L
v ,(5.V)V,5<J‘ ,(B.V)V)zo, on &D, -6 -4 -2 T M X r
ov|_ . v, Complex part Real part o
v(x +£) = ey (x), for all £ € A.
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Motivation: Singularities in the Band functions

(d) Close View. (e) Wide View.

Figure: Band function w™? for fixed o = [, 7] and Resonator radius R = 0.005.
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