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Floquet-Bloch Theory

Benefit:
▶ Reduce periodic structure to one unit cell.

Downside:
▶ Finite systems.
▶ Defected systems.

Solution:
▶ Introduce Complex Floquet conditions.
▶ Capture quantitative localisation behaviour.
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One Dimensional non-Hermitian Helmholtz scattering

Model setting:

ℓ1 ℓ2 ℓN−1

ℓ

ℓN
s1 s2 s3 sN−1 sN sN+1

Wave equation: 

u′′(x) + γu′(x) + ω2u(x) = 0, x ∈ D

u′′(x) + ω2u(x) = 0, x ∈ R\D,
u|+ − u|− = 0, on ∂D,
∂u

∂ν

∣∣∣∣
−
− δ

∂u

∂ν

∣∣∣∣
+

= 0, on ∂D

u(x + ℓ) = e i(α+iβ)ℓu(x), for all ℓ ∈ Λ,

where
▶ Imaginary gauge potential γ ∈ R \ {0}.
▶ Contrast parameter 0 < δ ≪ 1.
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Complex Band structure for Monomer chain
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Projected visualisation

 and  respectively

In the Spectrum:

β is fixed

α ∈ Y ∗

In the Bandgap:

β∈ R
α ∈ {0,±π/L}
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Defected finite non-Hermitian systems

Changed wave speed:

v v v . . . . . .ṽ v v v v
s s s s s s s

(a) Resonances (b) Exponential decay vs Complex band
structure
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Defect-Induced Localization Transitions
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Topological properties
Y. De Bruijn and E. O. Hiltunen
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Figure 2.1. The light blue area, labelled ωwind, depicts the positive winding zone where ei-
genvectors are exponentially localized on one side of the system, although they may exhibit
varying decay rates. Within the fully encompassed red area, called the open limit spectrum ωopen,
eigenmodes are uniformly localised on one side with consistent decay. The green region, ωc

wind,
signifies zones where defect eigenmodes are exponentially localized within the bulk, displaying
di!ering localisation strengths on either side of the defect. The calculations are performed based
on the Capacitance Toeplitz matrix detailed in Section 3.2

There are instances where the pseudospectrum aligns with the spectrum. This is formally asserted by
the subsequent theorem [33, Theorem 2.3].

Theorem 2.13 (Bauer-Fike). Suppose A → CN→N is diagonalisable, A = V!V↑1. Then, for each ε > 0,
ω(A) + !ω ↑ ωω(A) ↑ ω(A) + !ωε(V), (2.47)

where ϑ(V) is the condition number of V and
ω(A) + !ω =

{
z : z = z1 + z2, z1 → ω(A), |z2| < ε

}
. (2.48)

In the sequel, we will consider defected tridiagonal operators. We assume that the defect position remains
the same relative to the truncated structure, that is, m = ↓N/2↔ for a defect located in the middle of the
resonator chain.

For defective non-Hermitian operators, we derive a result pertaining to the convergence of defect
eigenfrequencies. Let us denote by TN (f) → RN→N the tridiagonal k-Toeplitz matrix which results from
truncating the operator T(f) to the first N entries and let ϖN be the associated eigenvalue.

Corollary 2.14. Let ϖ → R \ ωopen be the defect eigenfrequency of the Toeplitz operator T(f) and ϖN the
defect eigenfrequency of the truncated operator TN (f), then

|ϖ ↗ ϖN | = O(e↑ϑ̃N ) as N ↘ ≃, (2.49)

where ϱ̃(ϖ) = arccosh
(

↗ g(ϖ)
2Aer

)
where the positive root of arccosh (·) is chosen.

Proof. Let us introduce a similarity transform which scales the argument of the symbol function, TN

(
f(er·)

)
=

RN (er)↑1TNRN (er), where
(
RN (er)

)
ii

:= e↑r↓ i→1
k ↔. In order to apply Theorem 2.13 we have to control

the condition number ϑ(V) for the eigenbasis of TN

(
f(er·)

)
= V!V↑1. From the proof of [4, Theorem

3.5], we have the bound ϑ(V) ⇐ C which is uniform in N . So, by Theorem 2.13 it follows that,

ωω

(
TN

(
f(er·)

))
⇒ ω

(
TN

(
f(er·)

))
+ !Cω, (2.50)

A bound on the pseudospectrum can be achieved by the fact that defect modes are exponentially localised
around the de!ect site. By (2.50) we achieve the bound on the defect eigenfrequency,

∣∣∣∣ϖ
T

(
f(es·)

)
↗ ϖ

TN

(
f(es·)

)
N

∣∣∣∣ ⇐ Ce↑ϑ̃N . (2.51)

8
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Tridiagonal k-Toeplitz operators.

Example: 2-Toeplitz operator

T(f) :=



a1 b1 0 0
c1 a2 b2 0
0 c2 a1 b1 0 0
0 0 c1 a2 b2 0

0 ck
. . .

. . .

0 0
. . .


=


A0 A−1

A1 A0 A−1

A1
. . .

. . .
. . .



Symbol function:

f : C → C2×2

z 7→ A−1z
−1 + A0 + A1z =

(
a1 b1 + c2z

c1 + b2z
−1 a2

)
.
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Spectrum of k-Toeplitz operators

Let us define the sets:

σdet(f ) :=
{
λ ∈ C : det

(
f (z)− λ

)
= 0, ∃z ∈ T

}
,

σwind(f ) :=
{
λ ∈ C \ σdet(f ) : wind

(
det

(
f (T)− λ), 0

)
̸= 0

}
.

Let B0 ∈ Rk−1×k−1 be the principal minor of A0.

Theorem (dB, Ammari, Liu, Thalhammer)

Let f ∈ Ck×k(T) be the symbol of a tridiagonal k-Toeplitz operator T (f ) it holds that

σdet(f ) ∪ σwind(f ) ⊆ σ
(
T (f )

)
⊆ σdet(f ) ∪ σwind(f ) ∪ σ(B0).
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Similarity transform and eigenvector estimate

Tridiagonal k-Toeplitz operators are similar to symmetric matrices =⇒ real spectrum.

Let f̃ symbol of symmetrised operator.
▶ σdet(f̃ ) =

{
λ ∈ R | 2Aer cos(α) cosh(β − r) + g(λ) = 0

}
.

▶ σwind(f̃ ) = ∅.

Lemma (dB, Hiltunen)

Let λ ∈ R be an eigenfrequency, such that T(f )u = λu then

|u(i+k)|
|u(i)|

= O
(
e−(r−β̃)

)
,

where r = 1
2 log

(∏k
i=1

bi
ci

)
is fixed and β̃(λ) = arccosh

(
− g(λ)

2Aer

)
, for A = (−1)k+1

∏k
i=1 ci , and g(λ) a

known polynomial.
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Pseudospectra

Question:
▶ Why is the Complex Band Structure valid for finite media?

Definition
λ is ε-pseudoeigenvalue of A with ε-pseudoeigenvector if,

∥(A− λ)u∥ < ε for some vector u with ∥u∥ = 1.

Finite vs semi-infinite systems:
▶ Truncated eigenvectors of a semi-infinite system become εN -pseudoeigenvectors in the finite system

εN = e−β(λ)N .

Conclusion:
▶ Exponentially localised mode insensitive to boundary conditions.
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Possible Applications

Disordered/random media systems.

Topologically protected/edge interface modes (SSH chain).

Defected materials.

Wave guiding.

Invisible Tunnelling.
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Two-Dimensional Crystal

l2

l1

D

Y

Figure: Square lattice with a single resonator inside the unit cell (N = 1).
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Bandgap Green’s function

Two-dimensional Helmholtz problem

∆u + k2u = 0, in Y \ D,
∆u + k2

i u = 0, in Di ,

u|+ − u|− = 0, on ∂D,
∂u

∂ν

∣∣∣∣
−
− δ

∂u

∂ν

∣∣∣∣
+

= 0, on ∂D,

u(x + ℓ) = e i(α+iβ)·ℓu(x), for all ℓ ∈ Λ.

For a real quasimomentum (β = 0), the α-quasiperiodic Green’s function Gα,k satisfies

∆Gα,k(x) + k2Gα,k(x) =
∑
m∈Λ

δ(x −m)eiα·m,

and is given by

Gα,k(x) =
1

|Y |
∑
q∈Λ∗

ei(α+q)·x

k2 − |α+ q|2
.
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Generalised Green’s function

Change of function,
v(x) := eβ·xu(x), β ∈ R2.

Substituting v into the Helmholtz problem,

∆v − 2β · ∇v + (k2 + |β|2)v = 0, in Y \ D,
∆v − 2β · ∇v + (k2

i + |β|2)v = 0, in Di ,

v |+ − v |− = 0, on ∂D,
∂v

∂ν

∣∣∣∣
−
− (β · ν)v − δ

(
∂v

∂ν

∣∣∣∣
+

− (β · ν)v
)

= 0, on ∂D,

v(x + ℓ) = eiα·ℓv(x), for all ℓ ∈ Λ.

v satisfies the real Floquet-Condition.

The band gap Green’s function satisfies

∆G̃α,β,k(x)− 2β · ∇G̃α,β,k(x) + (k2 + |β|2)G̃α,β,k(x) =
∑
m∈Λ

eiα·mδ(x −m).
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Generalised Green’s function

Poisson summation formula,

G̃α,β,k(x) =
1

|Y |
∑
q∈Λ∗

ei(α+q)·x

k2 + |β|2 − 2iβ · (α+ q)− |α+ q|2
.

Computational Bottleneck: G̃α,β,k(x) is only conditionally convergent.

Solution: Accelerated lattice sum methods have been introduced.
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Layer Potential Techniques

Let D ⊂ Y be a domain in R2 with a boundary ∂D ∈ C 1,s , with some 0 < s < 1.

Single Layer Potential of ϕ,

S̃α,β,k
Di

: L2(∂D) → H1(∂D)

ϕ 7→ S̃α,β,k
D [ϕ](x) =

∫
∂D

G̃α,β,k(x − y)ϕ(y)dσ(y), x ∈ R2.

Field solution

v(x) =

{
S̃α,β,k
D [ϕ](x), in Y \ D,

S̃α,β,ki
Di

[ψ](x), in Di ,
and unknown ϕ, ψ ∈ L2(∂D).

Gap mode
u(x) = e−β·xv(x).
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Quasiperiodic Capacitance

Subwavelength Regime:

High contrast low frequency regime =⇒ asymptotic expansion of resonances.

Let 0 < ρ1

ρ0
= δ ≪ 1 such that ω(δ)

δ→0−−−→ 0.

Theorem (dB & Hiltunen)

Consider a system of N subwavelength resonators in the unit cell Y and assume G̃α,β,k(x) is

well-defined and S̃α,β,0
D is invertible. As δ → 0, the subwavelength resonant frequencies ωα,β

n satisfy the
asymptotic formula

ωα,β =

√
δλα,βn +O(δ), n = 1, . . . ,N,

where {λα,βn } are the N eigenvalues of the generalised capacitance matrix Cα,β ∈ CN×N , given by

Cα,β
ij = − v2

i

|Di |

∫
Di

e−iβ·xψjdσ, ψi = (S̃α,β,0
D )−1[eβ·xχ∂Di ].
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Spectral Plot and complex Band Functions
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Figure: Generate the spectral plot in 0.5s and an expected error of O(10−3).
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2D defect modes

(a) Truncated infinite defected resonator lattice.
(b) Defect eigenmode.
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Defect Modes and Spectral Plot
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Figure: Decay for β horizontal (→).
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Complex Floquet transform

Theorem (dB & Hiltunen)

Let u be a complex Bloch mode for some β ∈ Rn \ {0}, i.e.,∣∣u(x + ℓ)
∣∣ = eβ·ℓ

∣∣u(x)∣∣, ∀ℓ ∈ Λ.

Then the complex Floquet transform is well-defined and given by,

u(x) 7→ UΛ

[
u(x , α+ iβ)

]
:=

∑
ℓ∈Λ

u(x − ℓ)ei(α+iβ)·ℓ.
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Truncated complex Floquet transform

Defect mode um, with decay length β̃.

Finite lattice Λt ,

∥(û)α,β̃∥2 :=

∥∥∥∥∥∑
m∈Λt

ume
i(α+iβ̃)·m

∥∥∥∥∥
2

.

∥(û)α,β̃∥2 has distinct peaks,

α = max
α∈Y ∗

∥(û)α,β̃∥2.

Figure: ∥(û)α,β̃∥2 at gap frequency ω = 0.6.
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∥(û)α,β̃∥2.
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∥(û)α,β̃∥2 :=

∥∥∥∥∥∑
m∈Λt

ume
i(α+iβ̃)·m

∥∥∥∥∥
2

.
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Phase-shift within the Band Gap
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3 Phase-shift zones
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Questions?

(a) 1D Decay Transition.
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(b) 2D Spectral Plot. (c) Floquet Transform.
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What does the spectral Plot mean?

Band formulation, i.e. β = 0,
∆u + k2u = 0, in Y \ D,

∆u + k2
i u = 0, in Di ,

u|+ − u|− = 0, on ∂D,
∂u

∂ν

∣∣∣∣
−

− δ
∂u

∂ν

∣∣∣∣
+

= 0, on ∂D,

u(x + ℓ) = ei(α+iβ)·ℓu(x), for all ℓ ∈ Λ.

Gap formulation i.e. β ̸= 0, set v(x) := eβ·xu(x),
∆v − 2β · ∇v + (k2 + |β|2)v = 0, in Y \ D,

∆v − 2β · ∇v + (k2
i + |β|2)v = 0, in Di ,

v |+ − v |− = 0, on ∂D,

∂v

∂ν

∣∣∣∣
−

− (β · ν)v − δ

(
∂v

∂ν

∣∣∣∣
+

− (β · ν)v
)

= 0, on ∂D,

v(x + ℓ) = eiα·ℓv(x), for all ℓ ∈ Λ.
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Motivation: Singularities in the Band functions

(d) Close View. (e) Wide View.

Figure: Band function ωα,β for fixed α = [π, π] and Resonator radius R = 0.005.
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